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Chapter 1: Summer 2001
Section 1.1: Final

Final Exam Math 3720 Summer, 2001

Name:

Directions: Show all of your work and justify all of your answers. An answer without justification will receive
a zero.

1. Let v = (1,0,-2) and w = (-1, 2, 3).

(3) a. Calculate v - w.

(3) b. Calculate ||v].

(3) c. Find a unit vector in the same direction as v.

a

. . _la, ay, a,, a,|la b| c d
(4) 2. FmdanQmatnxA—{ }suchthat[ %J {c d}_{a—c d—b} for any 2 x 2

CL21 a22 a21
. a b
matrix B .

d
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3. (4) a. Express the following matrix as a product of a lower triangular matrix and an upper triangular
matrix (i.e., A = LU).

1 2 3
A=1-1 1 0
0 6 -2
3
(4) b. Use your answers from part (a) to solve Ax = b where b= | -3
-16
-7 3 1
(3)4. Let A= | 2 0 3|.Is Asymmetric?
1 2 -7



. rove that 1 1s 1vertible, then 1s 1nvertible. Hint: ow that =
(3) 5. Prove that if A is invertible, then A” is invertible. Hint: Show th (AT)

6. For each of the following, determine whether or not the given matrix is invertible.

~~
w
~
h
1
1
al- i

utl= cro
—_

12 1 4
0 -3 7 18
Wby 4 71
11 6 2



7. For each of the following, you are given a matrix A and a vector b. Find
1. The particular solution to Ax = b.

2. The special solutions to Ax = 0.

3. The complete solution to Ax = b.

4. The null space of A.

1 0 2 1
(4)a. A=10 1 7] andb= |13

00 -4 3

1 21 -2 5
5)b. A=12 -1 1 1fandb=|3

4 3 3 3 -5



8. Let A=

=N
W = N

1
1
3

W~ N

. Note that A is the same matrix that you worked with in the previous problem.

(3) a. Describe C'(A).

(3) b. Describe C(A").

(3) c. Describe N(A").
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9. Calculate the determinant of each of the following.

2 0 0
3)a. A= |0 0 1
01 0
400 1
(3)b. B=|-3 2 0
100

0 1 0 0

0 1 0 -1

B)e- C= 14 97 3 ;5

9 15 8 0



2

(4) 10. Let A = {2 .

} . Find the eigenvlaues and eigenvectors of A. If possible, diagonalize A.

11. Let V be the set of vectors in R* whose components sum to 0.

(3) a. Prove that V is a subspace of R’

(3) b. Find a basis for V.
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(4) 12. Let V and W be vector spaces and T : V. — W be a linear transformation. Prove that ker(T) is a
subspace of V.

13. Let V be R’ with basis {(1,0,0),(1,2,0),(1,2,3)} and let W be R’ with basis {(1,0,0), (0,1,0), (0,0,1)}.
Define T': V. — W by T'(v) = -v.

(3) a. Prove that T is a linear transformation.

(4) b. Find the transformation matrix for 7.

(3) c. Let v = (3,4,3). Use the transformation matrix to find 7'(v).
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(3) 14. If possible, give an example of a linear transformation 7" : R* — R” such that T (B]) = [(1)] and

T <[_ﬂ) = [é] . If this is not possible, explain why it is not.

15. Answer the following as true or false (write the entire word). If the statement is true, then prove it. If the
statement is false, then give a counter example.

(4) a. The set {(1,0,1),(-1,0,0), (1,2,3)} spans R’.

(4) b. If A and B are both n x n matrices, then det(AB) = det(BA).

(4) c. A 2 x 2 matrix has 2 distinct eigenvalues if and only if it has two pivots.
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Chapter 2: Spring 2009

Section 2.1: Quizzes



Quiz 1 Name:

Directions: Show all of your work and justify all of your answers.

1. Solve each of the following.

(2) a. (3) b.

r, + 3r, = 4 v, + =z, —

x, — =z, = 4 r, + 4z, + 2z,
rx, + T, + x



Quiz 2 Name:

Directions: Show all of your work and justify all of your answers.

1. For each of the following, determine whether or not Ax = b is consistent. If so, find all solutions. If not,
explain why it is not.

1 11 -1 1 21 1
3)a. A= |3 -1 4|,b=1]9 3)b. A=|1 2 1|,b=]1
;11 2 -5 1 21 1



Quiz 3 Name:

Directions: Show all of your work and justify all of your answers.

(3) 1. Show that if A = A", then A is square.

(3) 2. Let A and B be symmetric matrices. Show that AB is symmetric if and only if
AB = BA.



Quiz 4 Name:

Directions: Show all of your work and justify all of your answers.

1 3
1 -2

13 -1

(2) 1. LetAz[ g

} and B = l } . Find a matrix X such that AX = B.

2 + 3y = -5

(3) 2. Use the LU factorization to solve the following. o+ 2 = 8

(Page 81: 12) (3) 3. Let A and B be n x n matrices and M be a block matrix of the form M = [A

Prove that if A is singular, then M is singular.

0

0 B

|



Quiz 5 Name:

Directions: Show all of your work and justify all of your answers.

1. Calculate the following determinants.

1 2
(2) a. ‘3 4‘

(3) b.

o OO OO
S OO NN

(3) c. Let A be an n x n matrix with determinant 6. Also, let P be the n x n matrix formed by interchanging
two rows of the n x n identity matrix. Calculate |PA|.

(3) d. Let A be an n x n matrix where n is odd. Show that A% # —1I.



Quiz 6 Name:

Directions: Show all of your work and justify all of your answers.

(Page 122: 7) (3) 1. Show that the zero element in a vector space is unique.

(3) 2. Let V be a vector space and v € V. Show that if v + w = 0, then w = -v.

(Page 122: 9) (6) 3. Let V be a vector space and let € V. Show that:
a. 0 = 0 for each scalar f3.

b. If ax = 0, then either o = 0 or & = 0.



Quiz 7 Name:

Directions: Show all of your work and justify all of your answers.

(1) 1. Let V be a vector space and let S, C V such that 7" C span(S) and S C span(7’). Prove that
span(S) = span(7T).

(1) 2. Page 131: 18.
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(1) 3. Page 131: 19.

(1) 4. Page 145: 15.

(1) 5. Page 145: 17.



Quiz 8 Name:

Directions: Show all of your work and justify all of your answers.

(Page 167: 1) (6) 1. For the following matrix, find a basis for the row space, a basis for the column space,
and a basis for the null space.

31 3 4
1 2 -1 -2
-3 8 4 2

(4) 2. Let v,,v,,v,v, € R’. Is it possible for the vectors to be linearly independent? Must they span R*?



Quiz 9 Name:

Directions: Show all of your work and justify all of your answers.
(3) 1. Let v € R" and define T, : R — R by T, (x) = v -x. Show that T, is a linear transformation.

(3) 2. Let V and W be vector spaces and T : V. — W be a linear transformation. Show that the kernel of
T is a subspace of W.

(3) 3. Show that the composition of linear transformations is a linear transformation.
Section 2.2: Exam 1

Exam 1 Math 3720 Spring 2009

4. For each of the following, determine whether or not Ax = b is consistent. If so, find all solutions. If not,
explain why it is not.

2 4 |7 0+0+0#1
@aa=[2 ] oc ]
Inconsistent
E ;) (q SRUCEN Ll) (1) ﬂ 1 11111 9
(5)d. A=1[2 -1 010 2|,b=]12
1 00 2 10 4
I
T4
1 11111 9
5 1 4 - 2 -1 01 0 2 12
1 00 210 4
(5)b. A=11 1 5|,b=1|7
-1 11
Tbs Cfroo 210 4
—== 1010 3 2 -2 4
2 1 4 7 f1001 001 -4 -2 3 9
1 15 7 510101
7 -1 5 11 0011 Lead Variables: z,, z,, x,
1 Free Variables: z,, z., x,
= |1
1 ( 4 -2z, —x,
-4 — 3z, — 2z, + 2z,
L 0 Solutions: O+ dw, + 2w, — 3z, cx,,x,, T, € R
5)e A= |21 2] 5_ |3 x,
-12 3|7 7 x,
2 1 -2 3 ul 4 |
1 1 16 1 000 1 2 1 1
2 -1 2 3 rref 0100 (5)e. A=11 2 1|,b= |1
-1 2 37 0010 1 2 1 1
2 1 -2 3 0 001




rref

—
DN DN
—
— =

O O =

Lead Variables: x,

S O N

O O =

O O =

Free Variables: z,, z,

1-2z, —w,

Solutions:

T
T

2

3

(X, 2, €R

21
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(5) 5. Show that if A and B are n x n invertible matrices, then AB is invertible.
Proof:
Note that

(AB)(B'A") = A(BB A = A(NA" = (ADA" = AA" =1

and
(B'A")(AB) = B(AA")B" = B(I)B" = (BI)B' = BB = 1.
Therefore, B* A" = (AB)'l. m

(5) 6. Show that if A = A", then A is square.

Proof: Suppose that A is an m x n matrix. Then A" is an n x m matrix. Since A = A", A is both an is an
m X n matrix and an n X m matrix. Therefore, m = n and A is square. [ |

(5) 7. Give an example that illustrates that matrix multiplication is not commutative.

5) 8. Show that the matrix 00 has no inverse.
(5) 10

Proof:
Let [a
c

b . : a bl |0 0] _[b 0 10
d} be any 2 x 2 matrix and consider [C d} [1 O} = {0 0} # [O 1}. |

(5) 9. Let A and B be symmetric matrices. Show that AB is symmetric if and only if
AB = BA.

Proof: First suppose that AB is symmetric. Then AB = (AB)' = B'A' = BA.
Now suppose that AB = BA. Then (AB)' = B'A" = BA = AB. [ |

Name:

Directions: Show all of your work and justify all of your answers. An answer without justification will receive
a zero.

10. For each of the following, determine whether or not Ax = b is consistent. If so, find all solutions. If not,
explain why it is not.

9 1 - 2 1 4 7
@a a2 on ] @]t 1)o7
7 -1 5 11
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11111
-1 010 2|,b=
00210

1
2
1

(5) d. A



(5) 11. Show that if A and B are n x n invertible matrices, then AB is invertible.

(5) 12. Show that if A = A", then A is square.

(5) 13. Give an example that illustrates that matrix multiplication is not commutative.

25
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(5) 14. Show that the matrix [(1) 8} has no inverse.

(5) 15. Let A and B be symmetric matrices. Show that AB is symmetric if and only if
AB = BA.

Section 2.3: Exam 2

Exam 2 Math 3720 Spring 2009
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1 20
(5) 16. Find elementary matrices whose productis A= |0 2 1
010
1 20 1 00 1 00
Let B, = [0 1 0,5, =101 0|,E =10 0 1|,then E, E, E, = A.
001 021 010

(5) 17. Let A= Ll)) ﬂ and give the LU factorization of A.

10 o [1oo B [1 2] B
LetE—[_3 1},L—E —[3 1],andU—EA— 0_2_.ThenA—LU.
1 1 1 100 ) (1 0 0 11 1 1
(5) 18. LetA=1|1 2 -1|,E=|-110|,L=FE =11 10|, U=]01 -2|,andb= [-5
3 -1 1 -7 401 13 -4 1 0 0 -10 -3
Note that A = LU. Use the LU factorization of A to solve Ax = b.
Ax =b (11 1] [« 1
01 -2 z,| = | -6
LUz =b 0 0 -10] [z, -30
-1 _
Ux=Lb x, -9
z,| = |0
11 1] [a, 1 00][1
01 -2 z, | =1-1 10 -5
0 0 -10 x, -7 41 -3
111
19. (5) a. Find the inverse of A= |0 1 1
0 01

Note that the row operations needed to transform A to I are subtracting row two from row one and subtracting

X 1 0 0 1 -1 0 1 -1 0
row three from row two. Therefore, A = [0 1 -1 0 1 0l=1(0 1 -1
0 0 1 0 0 1 0O 0 1
1 2 3
(5) b. Use the above answer to find a matrix X such that AX = B where B= |4 5 6
7 8 9

X 3 -3 -3
X=AB= |3 -3 -3
7 8 9

(5) 20. Multiply. Hint: Use block multiplication.
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100100][123456
010010||123456
00100T1||123456
100000|[123456
010000||123456

001000/ |123456

21. Calculate the determinants of the following matrices.

(5) a. “ ﬂ

O =
l
DN o~

(5) 22. Given that

- = W N
T O = O
I
—_
I
—_
(@]

2 4 -

1 -2
5 10| = 336, and

-1 -8

= W N

S e )

= W N

S e )
—

and b = . By Cramer’s rule, x =

—_ W = N

2 4 6 8 10 12]
2 4 6 8 10 12
_ {2 468 10 12
1234 5 6
1234 5 6
1 234 5 6]
L3 [1 2 3 4 5
05 1 2345
D 1 2345
= 1.-17+1--1 1 2345
1 23 45
— 18 _
1 2345 6
1 2345 6
123456/ _,
1 23 456
1 2345 6
1 23456
20 1 4 2 2 1 4
11 0 -2/ 31 0 -2)_
30 a0 a0| =1 3 0] T HE
15 1 -8 r-1 1 -8
) 20 1 4
| B 131 0 -2
3_38,solveAa:—bvvhelreA— 10 -1 -10
b 75 1 -8

29
17

_108
17

168
17

19
17

Section 2.4: Exam 3

(5) 23. Show that the zero element of a vector space is unique.

Proof: Suppose that 0, and 0, are both zeros of a vector space. Then 0, = 0, +0, = 0,.

(5) 24. Let P be the vector space consisting of all polynomials. Find a basis for P.

3

1172 3 24 1

YOO OO D
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(5) 25. Suppose that v,,v,,v, € R’ are linearly independent and A is a 3 x 3 invertible matrix. Show that
Av,,Av,, Av, are linearly independent.

Proof: Suppose that a,,a,,a, € R such that o, Av, + o, Av, + a, Av, = 0. Then we have
a, (Av,) + o, (Av,) + a, (Av,) =0

A(oyv,) + A(,v,) + A(a,v,) =0

A(oyv, + a,v, + a,v,) = 0.

Since A is invertible, oy, v, + a,v, + v, = 0. This implies that a, = o, = a, = 0 since v,,v,,v, are linearly
independent. Therefore, Av,,Av,,Av, are linearly independent. [ ]

26. Let V = R” be the vector space of all 2 x 2 matrices. For each of the following, determine whether or

not the given set is a subspace of V.

(5) a. {A €R™ . AB = BAforall B e RM}

This is a subspace of R,

Proof: Let W = {A eR™ :AB=BAforall B e R2X2}. Suppose that C.D € W and a € R. To see

that C +D € W, let M € R and consider M(C' + D) = MC + MD = CM + DM = (C + D)M and so
C'+ D € W. Also, note that M (aC) = a(MC) = a(CM) = (aC)M. Therefore, W is a subspace of V. 1

(5) b. The set of all invertible 2 x 2 matrices.

This is not a subspace of R™.

Proof: Let T be the set of all invertible 2 x 2 matrices. Note that [,-I € Z and I +-I ¢ Z. Therefore, Z is
not a subspace of V. [ ]
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(5) 27. Recall that the vector space P, consists of all polynomials with degree less than n and has dimension
n. Suppose that n > 1 and let D = {f": f € P, }. Show that D is a subspace of P,. What is the dimension of
D?

Proof: Recall from calculus that if f,g € P, and a € R, then (f+g¢)' = f'+¢ € P, and (af) =af € P,. R

Since the derivative of an m'™ degree polynomial is m — 1, the dimension of D is n — 1.

(5) 28. Let u, = { ﬂ , U, = E] , v, = {_é} ,and v, = [:ﬂ Give the transition matrix from the basis

{u,,u,} to the basis {v,,v,}.

2 2
-1 5

-11

LetA:[ 6 3

] and B = [ ] Then the transition matrix is B A.

(5) 29. State the Rank Plus Nullity Theorem.

30. Find the row space, column space, and null space of each of the following.

31 3 4
5)a. |1 2 -1 -2
-3 8 4 2
1 2 -1 -2
Using row operations the matrix can be transformed to |0 7 0 -2
00 1 0

So the row space and column space both have dimension 3 and the null space has dimension 1.

1 0 0
r\ 2 7 0
C’(A)—span 1ol 1y
-2 -2 0
C(A) =R’
10
2
N (A) = span 0
7
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(5) b.

W= O =
=N DN
O = =

Using row operations the matrix can be transformed to

[ e
OO =N
O = O

So the row space and column space both have dimension 3 and the null space has dimension 0.

c(4) =R

1 -2 1
- 0 20 |1
C (A) = span 1 |y
3 1 6
0
N(A) =410
0

Section 2.5: Final

Final Exam Math 3720 Spring 2009

Name:

Directions: Show all of your work and justify all of your answers. An answer without justification will receive
a zero.

1 -1
3l. Letv=| 0| andw = | 2
-2 3

(2) a. Calculate v - w.
(2) b. Calculate ||v|.
(2) c. Find a unit vector in the same direction as v.

a a,, a

11 a'12 12 a b — c d
o a } such that {%1 %J [c d} = [a—c d—b} for any 2 x 2

21 22

(3) 32. Find a 2 x 2 matrix A = l

o a b
matrix | o)
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33. (3) a. Express the following matrix as a product of a lower triangular matrix and an upper triangular
matrix (i.e., A= LU).

A= |-

O~ =
S =N
N O W

3
(3) b. Use your answers from part (a) to solve Ax = b where b= | -3

-16



(2) 34. Prove that if A is invertible, then A" is invertible. Hint: Show that (AT> =

35. For each of the following, determine whether or not the given matrix is invertible.

o= o

(3) a. [

utl= cro
—_

12 1 4
0 -3 7 18
@by 4 71
11 6 2

33



34

36. For each of the following, find the row space, column space, and null space of the given matrix.

10 2

(3)a. A=|01 7
00 -4
1 21 -2

3)b. A={2 -1 1 1
4 33 3



2

(2) 37. LetA:[2 4

} . Find the eigenvalues and eigenvectors of A. If possible, diagonalize A.

38. Let V be the set of vectors in R* whose components sum to 0.

(2) a. Prove that V is a subspace of R’

(2) b. Find a basis for V.

35



36

1 1 1 1 0 0
39. Let V be R’ with basis [0|, |2], and |[2| and W be R® with basis [0], | 1|, and |0] . Define

0 0 3 0 0 1
T:V - W by T'(v) = -v.

(2) a. Prove that T is a linear transformation.

(2) b. Find the transformation matrix for 7.

(2) c. Let v = (3,4,3). Use the transformation matrix to find 7'(v).
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(3) 40. Let V and W be vector spaces and T : V. — W be a linear transformation. Prove that ker(T) is a
subspace of V.

(3) 41. If possible, give an example of a linear transformation 7" : R* — R” such that T (B]) = [(1)] and

T ({_ﬂ) = [;] . If this is not possible, explain why it is not.
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42. Answer the following as true or false (write the entire word). If the statement is true, then prove it. If the
statement is false, then give a counter example.

1 -1 1
(2) a. The set ol,{o0],]2 spans R”.
1 0 3

(2) b. If A and B are both n x n matrices, then det(AB) = det(BA).

(2) c. A 2 x 2 matrix has 2 distinct eigenvalues if and only if it has two pivots.



Chapter 3: Spring 2012

Section 3.1: Quizzes

39



Quiz 10 Name:

Directions: Show all of your work and justify all of your answers.

(1) 1. Letu= [ﬂ and v = { ﬂ . Express {g} as a linear combination of w and v.

6
2 2v =
u + 2v [2}



Quiz 11 Name:

Directions: Show all of your work and justify all of your answers.

(Page 26: 31) (1) 1. Let A= (1,1,-1), B = (-3,2,-2), and C = (2,2,-4). Prove that AABC is a right-angled
triangle.



Quiz 12 Name:
Directions: Show all of your work and justify all of your answers.

(1) 1. Solve the following system.

20 —y + 2z = 3

T + Yy + z = -2

r + vy — 2z = 0
R1+R3 z=-1
3r =3 r+y—2=0
r=1 1+y+1=0
R, — R, Yy = -2




Quiz 13 Name:

Directions: Show all of your work and justify all of your answers.

(1) 1. Suppose that S is a set of vectors and v € span(S) \ S. Let 7= S U {v}. Prove that T is a linearly
dependent set.

Proof: Suppose that S = {v,,v,,...,v,}. Since v € span(S), there exist a,,a,,...a, € R such that v =
a,v, +a,v,+---+a,v,. Then a,v, +a,v,+ --+a,v, —v = 0. Since -1 # 0, T is linearly dependent. N



Quiz 14 Name:

Directions: Show all of your work and justify all of your answers.

1. For each of the following, determine whether the vectors are linearly dependent or linearly independent.

1 -4 0 1 2 )
(1) a. 3 )] 0 ) 1 (1) b. ]_ 9 O 9 1
2 3 5 1 3 7
1 3 ; 100 2 1 5
4 0 3| /=101 0 Note that 2 [0 | + [1]| = |1
015 0 01 3 1 7
Rank: 3 Linearly dependent.

Linearly independent.



Quiz 15 Name:

Directions: Show all of your work and justify all of your answers.

(1) 1. Suppose that u,v,w € R® are linearly independent. Show that span({u,v,w}) = R®. Hint: Suppose
that there is a vector & € R’ such that z ¢ span({u,v,w}).

Proof: Suppose that x ¢ span({u,v,w}). Then {u,v,w,x} is a linearly independent set. This is a contradic-
tion since any set of four vectors in R’ must be linearly dependent. [ |



Name:

Quiz 16

Directions: Show all of your work and justify all of your answers.

Find the P’ LU factorization of A =

(2) 1.

[ ]
K X
a
[

- N [ e - |
K x K x ~
1 1
— O — — O
1 I

— o O

S O

S — O

AN - ™M
— ™M -
I

n/_~42

|

-2 -1

R, —-2R,
R, —-1R,

1 3
0 0 1

0

oS o -

O — O

o — O

— O O

o o




Quiz 17 Name:

Directions: Show all of your work and justify all of your answers.

(2) 1. Find the row space, column space, and null space of the following matrix.

100 1 f1001
A=1|12 1 1| —= {010 -
012 0 001 2
1 1 0
0 2 1
row(A =span [ || (||
1 -1 0
col(A) =R
1
4
null(A) = span ;
1



Quiz 18 Name:
Directions: Show all of your work and justify all of your answers.

1. Calculate the following determinants.

5 2 2 1000

(Page 280: 7) (1) a. [-1 1 2 1110
300 (1) b. 1100

1 1 11




Quiz 19 Name:

Directions: Show all of your work and justify all of your answers.

(2) 1. Let A= [1 2} . Find a diagonal matrix D and an invertible matrix P such that P~ AP = D.

0 -1
p_[1 0
0 -1
p_ [l -1
0 1




Quiz 20 Name:

Directions: Show all of your work and justify all of your answers.

(1) 1. Find an orthogonal basis for R* that contains the vector [ﬂ :

-l

Section 3.2: Exam 1

2 1
2. Letv=|-3| andw = |-1

3 2
(2) a. Calculate v - w. (2) c. Find comp w.
vow =11 comp,w = it = J5
(2) b. Find cos where 0 is the angle between v (2) d. Find proj w.
and w. v

. vw 1
_ _ww _ 1 proj,w = (fofz) v = 3v

€080 = Taffful = 2

(2) 3. Suppose that v and w are vectors such that ||v|| = 3 and ||w|| = 2. Is it possible that v - w = -77
No. According to the Cauchy-Schwarz-Buniakowsky Inequality, |v - w| < ||v|||w]| = 6.

4. (2) a. Give the parametric equations of the line containing the points (-1,2,1) and (2,1,3).

3 r=243t
d= |-1
2 y=1-t
z =342t

(2) b. Give the parametric equations of the plane containing the points (1,-1,2), (2,3,-1), and (1,0,1).

1 0 r=1+r
u = 4 v = 1
-3 -1 y=0+4r+s

z2=1-3r—s
(2) c. Find the point of intersection of the line and the plane.
243t =1+r -r+ 3t = -1 -r+ 3t = -1
l—t=4r+s Ar —s—t=-1 dr+s+t=1

3+2t=1—3r—s 3r+s+2t =-2 3r+s+ 2t =-2



10 3 -1 10 -3 1]-m
4 11 1 00 1 1|32in,
(31 2 =2 0 1 11 -5
.1 0 3 -1 (1 0 -3 1]
1 0 -1 3|r -g, 0 1 11 -5|=&,
131 2 =2 00 1 1)=&,
.10 3 -1

00 2 2[R, +R,

_O 1 11 -5|R,+3R,

t=1
s =-16
r=4

Therefore, the point of intersection is (5,0,5).

5. Find all solutions (if any) of the following systems of linear equations.

(2) a. x -1 -2
yl| = 21 +1¢ 1
2 + y + 3z =1 z 0 1
y — z = 2
2v + 3y + 2z =5 (2) b.
[2 1 3 1] T L2 = 1
01 -1 2 3t + Yy — z = 2
2 3 1 5] o + y + 3z = 3
9 1 3 1] (1 0 2 1]
01 -1 2 31 -1 2
10 2 -2 4R, -R 5 1 3 3]
9 1 3 1 (10 2 1]
01 -1 2 31 -1 2
00 0 0]B -2 (2 0 4 1]R-R,
Free variable: z (10 2 1
31 -1 2
Solution: (-3,2,0) 00 0 -1]R,—28,

No solution.

Section 3.3: Exam 2

(10) 6. Find A" if A =

~ =~ =
co Ot N
O O W

51
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. 1 47
A =125 8
3 6 9

1 -1 0 -1 10 30 2

(10) 7. LetA=1|5 2 3|.,B=|-5 -2 3],C=1]111

0 1 0 0 -1 0 4 4 2

an easy way to do this. Look closely at A and B.
CA+CB=C(A+B)=C0O=0

(10) 8. Suppose that A and B are invertible matrices. Prove that (AB)_1 = B'A".

1 1

Proof: Consider (AB)(B'A") = A(BB")A" = AIA" = AA" = 1.
1 1 1
(10) 9. Can |4 | be written as a linear combination of [-2| and [0 |?
3 1 2
No.
1 1 1
Suppose a |2 +b 0| = |4
1 2 3
Then
a + b =1
20 + 0 = 4
and
a + 20 = 3

From the first set of equations, a = -2 and b = 3. However, -2 4+ 2(3) = 4 # 3. Hence,

1 1
as a linear combination of |-2| and |0

1 2

1
4
3

and calculate CA + CB. Hint: There is

cannot be written
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(10) 10.  Suppose that v, ¢ span({v,,...,v, ,}) and v,,..., v _, are linearly independent. Prove that
v,,...,v, ,,v, are linearly independent.

Proof: Attempting a contradiction, suppose that there are a, . .. ,an .,a, € Rsuch that a,,...,a _,,a, are not
all 0 and a,v, +---4+a, ,v, , +a,v, =0. Then a,v, +- +an U, = -anv Since v,,...,v, , are linearly
independent and a,,...,a, ,,a, are not all 0, a, 7é 0 Sow, = -+ (a,v, +---+a, v, ). This contradicts
the fact that v, ¢ span({v,,...,v,_,}). Hence, v ,...,v _ v, arenlinearly independent. [ |

(10) 11. Let A = Ll) 0} , B = {0 0} ,and C' = {0 1]. Find span ({4, B,C}).

1 0 -1 01
o]
A+ B =
* 10 0]
‘0 1)
B+C =
* 10 0]
B {0 0}
0 1
span ({A, B,C}) = {[8 ﬂ :a,b,ceR}

T

(10) 12. Let A be any matrix. Explain why (AT> = A.

To form A interchange the columns and rows of A. Interchanging the columns and rows of A (the definition
T

of (AT) ) produces A.

02 0
(10) 13. Find elementary matrices E, and E, such that E,E, I = [1 0 0
0 0 1
There are two acceptable answers.
(0 1 0] (1 0 0]
E, =110 0 E =10 2 0
00 1, 00 1)
(2 0 0] (0 1 0]
E,=101 0 E,=11 00
00 1, 00 1)
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14. For each of the following, find the inverse or explain why it does not exist.

(10) a 12 Not invertible.
-1 3
3R, + 2R, = R,
1 {3 —2}
11 1 -2 4 10 2
0 5 1| -2 |01 1
1 -2 4 3 4 14 00 0
(10)b. [0 5 1
3 4 14

(5) 15. Prove that the columns of a square matrix are linearly independent if and only if the rows are also
linearly independent.

Proof: Let A be an n x n matrix. Then the following are equivalent.

() The columns of A are linearly independent.

(22) The equation Az = 0 has a unique solution.

(i¢¢) A is invertible.

(iv) A is row equivalent to I.

(v) rank(A) = n.

(vt) The rows of A are linearly independent. [ |

Total Points: 565

Section 3.4: Exam 3

16. (15) a. Find the LU factorization of A = [_2 4} :

3 -5
2 4 |10
[3 -5 =31
-2 4 2 4| _[1o0][2 4
| 0 1]r,—-in 3 -5) |2 1]lo01




HRIEEH o= 3]

1 -1 3
(15) 17. Find the P' LU factorization of A = | 1 01
2 1 2
(1 -1 3] (1 01
1 0 1 0 1 O0|R,-2R,
_2 1 2_ _O ‘1 2 Ra_Rl
(1 0 1]r, (1 0 1
1 -1 3|m 010
2 1 2] 0 0 2|Rr, R,
(1 0 1] 1 00
0 -1 2|r,-R, L=12 10
0 1 0|R 2R 1 -1 1
(1 0 1] i 00 1
0 1 0|g, P =1100
0 -1 2]~&, 010
(1 0 1 101
010 U=10 10
|0 0 2]R,~-R, 00 2
100|010 010 A=P LU
P=100 1|1 00|=1001
010|001 100 1 -1 3
1 01
1 01 2 1 2
PA=12 1 2
1 -1 3 0 01 1 00 1 01
=1 00| |2 10010
01 0| (1 -11]1]00 2

(15) 18. Let A ben an n x n matrix. Prove that null(A) is a subspace of R".

55

Proof: Clearly, 0 € null(A). If z,y € N(A) and a € R, then A(x +y) = Az + Ay = 0+ 0 = 0 and

A(ax) = aAx = 0.

(15) 19. Find the row space, column space, and null space of A =

o O =
O N =
i)
— O N
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Since the rows are linearly independent the row space is the span of the rows. Note that the first three columns
are pivot columns. Since three linearly independent vectors span ]RS, the column space is R’. Since rank(A) =

3, nullity(A) = 1. Note that is in the null space. So the null space of A is span

|l = ST L T
1 1
=== o

(15) 20. Find the eigenvalues and corresponding eigenspaces of A = {5 _2} .

4 -1
5—A -2 4 -2 2 -1
A—11 =
‘ 4 -1—>\‘ [4 -2} ~ [0 0]
2 _
=X\ —4\+3 Elzspan({ﬂ)
N —4\+3=0
12 -2 1 -1
A=3)A=1)=0 A—3I—[4 _4}%{0 O]
A=1,3
E, = span({l})
’ 1
3 2 X
(15) 21. Consider the linear transformation 7' : R” — R” defined by 7' y = [x—l—y} You may assume
z
2z

without proof that 7" is a linear transformation. Find the transformation matrix [77.

n-[3



Due: May 2

1. Suppose that T : R" — R" is a linear transformation. Then ker(T) = {x € R" : T'(x) = 0}.

(1) a. Prove that 0 € ker(7).

57
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(1) b. Prove that ker(T) is a subspace of R".
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(1) c. Prove that T is one-to-one if and only if ker(7") = {0}.

Section 3.5: Final

Final Exam Math 3720 Spring 2012

Name:

(30) 2. Give the equation of the line (in any form) that contains the points (1,0,-2) and (0, 1,-4).

(20) 3. Give the equation of the plane (in any form) that contains the points (0, 0,0), (2,0, 2), and (4, 2,4).
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(30) 4. Suppose that f is a quadratic function such that f(1) =2, f(-1) = 6, and f(2) = 9. Find f(z). Hint:
We know that f(z) = az® + bx + c¢. Solve for a, b, and c.

(20) 5. Solve the following system over Z,.

r + 2y = 4
20 + y =1

(30) 6. Find the 3 x 3 matrix E such that left multiplication by FE is equivalent to the row operation
(2R, + R,) = R,.



(40) 7. Find the P LU factorization of A =

N = O

B = RO

N —

61
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(20) 8. Let [ be a line in R* and W be the subspace of all vectors in R” parallel to . What is the dimension
of W?

, , x x
(20) 9. Define T : R’ R’ by T y = | 1|. Explain why 7" is not a linear transformation.

z 1



(60) 10. Find the row space, column space, and null space of the following matrix.

1 -1 3
5> 2 1
0 1 -2

63
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(30) 11. Find the eigenvalues of the following matrix and then determine whether or not it is diagonalizable.
If it is, you need not find the diagonalization.

[ R
— = O
e S



Chapter 4: Spring 2015

Section 4.1: Quizzes

65



Quiz 21 Name:
Directions: Show all of your work and justify all of your answers.

(1) 1. In the diagram below, draw the vector 2v — w.

2v—w




Quiz 22 Name:

Directions: Show all of your work and justify all of your answers.

(1) 1. Give an example of a right triangle with two of its vertices at (1,1,0) and (0,1, 1).
v = (1,0,-1)

n = (0,1,0) (any vector orthogonal to v can be used)

If (0,1,1) is the terminal point of n, then (0,0, 1) is the initial point.

So the triangle with vertices (1,1,0), (0,1,1), and (0,0, 1) is a right triangle.

(1) 2. Does the plane 2z — y + z = 0 intersect the line with parametric equations given below? If so, where?
If not, why not?

r=1+t
y=1+1
z=3—1

No.

20 —y+2=0

21+t)—(1+8)+(3—1) =0
24+2t—-1—-t+3—-t=0
4=0

No solution.



Quiz 23

Directions: Show all of your work and justify all of your answers.

(Page 65: 43) (2) 1. Solve the following.

tanr — 2siny = 2
tanz — siny + cosz = 2
siny — cosz = -1

Name:




Quiz 24 Name:
Directions: Show all of your work and justify all of your answers.

(1) 1. Solve the following system.

20 —y + 2z = 3

T + Yy + z = -2

r + vy — 2z = 0
R1+R3 z=-1
3r =3 r+y—2=0
r=1 1+y+1=0
R, — R, Yy = -2




Quiz 25 Name:

Directions: Show all of your work and justify all of your answers.

(2) 1. Prove that the following vectors are linearly independent.

1 1 1
O, (0], |1
0 1 1

Since the second component of the third vector is 1 and the second component of the other two vectors is 0,
the third vector cannot be written as a linear combination of the other two.



Quiz 26 Name:

Directions: Show all of your work and justify all of your answers.

(2) 1. Write the matrix Ll))

o 3L o) i o)

2[5 31-10 o) +2 (0 8] =15 2]

g} as a linear combination of the matrices




Quiz 27 Name:

Directions: Show all of your work and justify all of your answers.

(2) 1. Prove that if A is an invertible matrix, then A" is invertible and (AT)

T T
T

Proof: Consider (A'1> Al = (AA'1> =1 =1.




Quiz 28 Name:

Directions: Show all of your work and justify all of your answers.

(2) 1. Suppose that A and B are 3 x 3 matrices. Further, suppose that matrix B is formed by performing
the following elementary row operations on matrix A:

(2) Interchange rows one and three (R, <> R,);
(2¢) Replace row three with the sum of row three and 2 times row two ((R, + 2R,) = R,).

Find the matrix £ such that FA = B.

10 0[]0 01 0 01
E=101 0[]0 1 0{=1]010
02 1f[1 0O 1 20



Quiz 29 Name:
Directions: Show all of your work and justify all of your answers.

(3) 1. Give the row space, column space, and null space of the following matrix.

]
]
o]

1 0
col(A) = span 0l,]1
1 1
1
null(A) = span 0
1



Quiz 30 Name:

Directions: Show all of your work and justify all of your answers.

Definition 1: Suppose that 7' : R" — R™ a linear transformation. The kernel of T is the set ker(T) =
{xeR":T(x)=0cR"}.

n

(3) 1. Show that ker(7) < R".

Proof: Suppose that v,w € ker(7). Then T(v + w) = T(v) + T(w) = 0 + 0 = 0 which means that
(v+w) € ker(T'). Now suppose v € ker(7') and a € R. Then T'(av) = aT'(v) = a0 = 0 and so av € ker(T'). W



Quiz 31 Name:

Directions: Show all of your work and justify all of your answers.

(3) 1. Find the eigenvalues and corresponding eigenspaces of A = {5 _2} .

4 -1
5—\ -2 4 -2 2 -1
A—11 =
‘ 4 -1—>\‘ {4 -2}_){0 0]
— )2 _
= A —4)\+3 Elzspan({;])
A —4X+3=0
12 -2 1 -1
A=1,3

)



Quiz 32 Name:

Directions: Show all of your work and justify all of your answers.

Definition 2: Two n x n matrices A and B are similar if there is an invertible matrix P such that P~ AP =
B.

(2) 1. Suppose that matrix A is similar to matrix B. Prove that A and B have the same eigenvalues.

Proof: Suppose that A is an eigenvalue of A with corresponding eigenvector x.

Then

P AP =B
P'A=BP’
P'Ax = BP'x

P'(\x) = BP 'z
APz = BP .
Hence, ) is an eigenvalue of B with corresponding eigenvector P~ .

To see that eigenvalues of B are eigenvalues of A, suppose that () is invertible such that Q"' BQ = A and mimic
the argument above. [ |



Quiz 33 Name:

Directions: Show all of your work and justify all of your answers.

(3) 1. Suppose that matrix A is similar to matrix B. Prove that A and B have the same characteristic poly-
nomial. Hint: Creatively use the fact that the determinant of the product is the product of the determinants.

Proof: Suppose that P is invertible such that P AP = B and consider

|A — M|

= [I(A—=AD)|

= [I] - |A = A

= |PP"|-|A = \|

= |P|-|P"|-|A= A
= |P|-|[A—=\I|-|P"|
= |P(A—\)P"|

= |PAP" — PXIP"|
= |PAP" — \PIP"|

= |B = . |



Quiz 34 Name:

Directions: Show all of your work and justify all of your answers.

(3) 1. For the following matrix, find the eigenvalues, a basis for each eigenspace, the algebraic multiplicity of
each eigenvalue, and the geometric multiplicity of each eigenvalue.

1—A 1 2
0 3-A  -1|=(1=N[@B=XN1=N+1]=(1=A)A2—4r+4) = (1 - A)(A—2)2
0 1 1—A

E, = span 0

The algebraic multiplicity of 1 is 1.

The geometric multiplicity of 1 is 1.

10102 . 1o -3

A—2I=10 1 1| = 10 1 -1
01 -1 00 O
3

E, = span 1
1

The algebraic multiplicity of 2 is 2.

The geometric multiplicity of 2 is 1.



Quiz 35 Name:

Directions: Show all of your work and justify all of your answers.

4
(Page 384: 11) (3) 1. Let W = span 11,10 . Find W
1




Quiz 36 Name:

Directions: Show all of your work and justify all of your answers.

(3) 1. Suppose that W is vector space and U and V are subspaces. Prove that U NV is a subspace of W.

Section 4.2: Exam 1

Exam 1 Math 3720 Spring 2015

Name:

Directions: Show all of your work and justify all of your answers. An answer without justification will receive
a Zero.

(10) 2. Is the triangle with vertices (1,2,3), (2,1,5), and (5,4, 2) a right triangle?
Yes.

Consider the vectors u = (1,-1,2), v = (4,2-1), and w = (3,3,-3) whose initial and terminal points are the
vertices of the triangle. Since u - v = 0, w and v are orthogonal.

3. Let v = (1,-2,1) and w = (2,-1,0).

(10) a. Calculate cosf where 6 is the angle between the vectors.

(10) b. Find proj w.

proj w = (ﬁ) v=2(1-21)

(10) 4. Give the equation of the plane with normal vector n = (1,-2,4) that contains the point (2,-3,1).
Tn=n-p

x—2y+4z =12

(10) 5. Give the parametric equations of the plane that contains the points (2,1,1), (1,2,4), and (1, 3,5).
v =(-1,13) r=2-r

w = (0,1,1) y=14r+s

z=14+3r+s
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6. Solve each of the following.

(10) a. % =1

y = 5

Adding the equations yields 3z = 6. So z = 2 and y = -3.

r + vy + z =5
(10)b. 22 + y — 2z = -4
3x 4+ 2z = 5

Multiplying the first row by -1 and adding all three equations yields 4z = -4. So x = -1. Substituting in the
third equation gives us z = 4. Substituting in either the first or second equation produces y = 2.

e* + e = 3
(10) c. 9t _ o — 1

Adding the equations yields 4e” = 4. So e¢* = 1 which means z = 0. Since ¢* = 1, ¢V = 2 which means y =
In 2.

(10) 7. Explain why a homogeneous system must have at least one solution.
The zero vector is always a solution.
(10) 8. Solve the following system over Z,.

20 + y = 3
r + 2y = 0

Multiplying the first row by 3 and adding the equations yields 2z = 4 which means that x = 2. So we have
the following in Z,.

242y =20
2+3+2y=3
2y =3

3.2y =3-3

Section 4.3: Exam 2

Exam 2 Math 3720 Spring 2015

Name:

Directions: Show all of your work and justify all of your answers. An answer without justification will receive
a Zero.
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1 1 0
9. Consider the set of vectors S = 01,121,111
1 0 1

(10) a. Is S linearly independent or linearly dependent?

Linearly independent.

1 0 1
Suppose there exist a,b € Rsuch thata [2|+b|1]| = |0|. From the first and third components, we conclude
0 1 1
1 0 1
that a = 1 and b = 1. However, since 2+ 1#0,a |2| +b 1| # |0]|. Therefore, S linearly independent.
0 1 1
1
(10) b. Is | 5| in the span of S7
0

Yes. Since S consists of three linearly independent vectors, S spans R”.

1 1 0 1
Also, note that - [0 +2 |2+ [1] = |5
1 0 1 0

(10) 10. Let A be any matrix. Prove that AA" is square.
Proof: Suppose that A is an m x n matrix. Then A" is an n x m matrix. So AA" is an m x m matrix. W

. et e any matrix. Prove that 1S symmetric.
(10) 11. Let A be any ix. P hat AA" is sy i
T T
Proof: Note that (AAT) - (AT) A' = AA", -

(10) 12. Prove that if A and B are same size invertible matrices then AB is invertible.

Proof: Note that (AB)(B"A") = A(BB)A" = A(NA" = AA" = I. -
10 2

13. Let A= |1 4 3
03 1

(10) a. Find A"

A =

N O =
W = =
_=w O

(10) b. Find A™.



-8 | R, — 2R,
1 -1
3 4

-0 6
-1
3

1

100
010
0 0

0
-1|R, - R,
1
0
-1
-3 4|R, -3R,

0
1

10
-1 1
0 0
1
-1
3

1
1

10 2
010
0 3
10 2
010
00

0
R, — R,
(10) c. Give the LU factorization of A.

10
-1 10
0 01

1

102100
3

143010
031001

1 0 2
0 41
0
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oo -
O i ;< I . |
NN —~ A
— — O
I |
SO <t mnmn O <O
__ — — O — O O
L L 1L ]
N
~
o<t —
| A — <t
R3
— o <H O
AN =
— O O
S <H O
| I | =)
| ——
<K -
—
| I |
I
.S 8
< 5 <
| | )
N ™
>
[l —
1 1 I 1 Nw
A N AN —
(el S sl S <H M T
~~
— — O — O O m
L ] L ]
N

Ux =c

b

1
1

spanq
Jox.|

a
b

6

(10) 14. Show that R’
Proof: Note that for any [



(10) 15. Let A =

ST W N~
ST W N~
TR W N~

The matrix F is the permutation matrix

ST W N~
ST W N~
DO W N~

and B =

DN U= W
DN U= W

SO O OO
O R OO OO
OO O OO
OO O OO
DO = O OO

Section 4.4:

DN U= W
DN U= W
DN U= W

_ o o oo o

DN U= W

Exam 3

85

. Find a matrix F such that FA = B.

Exam 3 Math 3720 Spring 2015

Name:

Directions: Show all of your work and justify all of your answers. An answer without justification will receive

a Zero.

(30) 16. Find the row space, column space, and null space of

1 11 ; 1 00
01 1| —— 1011
3 4 4 0 0 0]
1 0
row(A) =span | (0], |1
0 1
1 1
col(A) =span | |0], |1
3 4
0
null(A) = span 1
-1

= span

w O =

TSN

TSN

(10) 17. Explain why a matrix with more columns than rows must have a nontrivial null space.

Suppose that A is an m x n matrix and m < n. Then rank(A) + nullity(A) = n and rank(A) < m. Therefore,
nullity(A) > n —m > 1. Since the dimension of the null space is at least 1, the null space is nontrivial.
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18. Define T : R* — R’ bquf”D = [%Lg]
y

(10) a. Show that T is a linear transformation.

Proof: Suppose that [T} , [u} eR” and a € R.
s v

o (A ) R () B e e R () R R
el =) =Pl =l = (B, -

o 12 [ g s e () -5 () - ] o

columns of [T7.

19. For each of the following, find the eigenvalues and corresponding eigenspaces.

— )2 _9)\ —
(10) a. =A—2A-3 E | = span ({ ﬂ)
{1 2] = (A=3)(A+1)
21 202 f (1 -1
Eigenvalues: -1, 3 [ 2 _2} = {0 0
‘1 . 2'
91—\ 2 2 rref 11 B 1
2 2 0 0 B, =span | |
=(1-)N?-4
(10) b. 1
E, =span | |-1
1 21 1
011
000 02 1 ; 010
‘ 00 1| —— 1001
Eigenvalues: 0,1 0 0 -1 0 00
1 21 of 10 -1 1
IT
01 1f —— |0 1 1 E =span | [0
000 00 0 0

20. Calculate the following determinants.

10 2
(10)a. [0 1 1 :1‘1 1‘—0‘0 1‘+2‘0 1‘:1+2(-1):-1
Do s 2 3] |1 3] 2

(10) b.
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O Ot = =

Note that since row 1 and row 2 are the same, the matrix is not invertible. Therefore, the determinant is 0.

(10) c.
10000
00100

01 000=1
0 00O0T1
00010

Note that the matrix is formed by applying two row changes to the identity. Therefore, the determinant is
(-D(-1) = 1.

Section 4.5: Final

Final Exam Math 3720 Spring 2015

Name:

Directions: Show all of your work and justify all of your answers. An answer without justification will receive
a Zero.

1 2
(10) 21. Let 6 be the angle between v = || and w = |1|. Find cos¥.
1 0

(10) 22. Solve the following system.

r + y + z = 1
2 — y + z = 6
r + 2y — z = -5
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(10) 23. Is the following set of vectors linearly independent or linearly dependent?

1 0 2
20,3 (1
-1 2 -4

1 1 1
(10) 24. Show that R’ = span o, 1},]1
0 0 1

(10) 25. Give a proof or reasonable explanation of the fact that for any matrix A, AA" is square.



(10) 26. Let A = and B =

—_ O =
O = DN
— O =
O =N
— O

2
1|. Find a matrix £ such that FA = B.
0

4 3 3
(10) 27. Give the P'LU factorization of A = |0 -1 -4
2 1 0

89
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28. Let W = span and A = E 10 0}

011

OO = =
== O

(40) a. Find row(A), null(A4), col(A), and null (AT> :

(10) b. Use an answer from the previous part to find W
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29. Let A = |1 2|,
3 4

(10) a. Find the eigenvalues and corresponding eigenspaces.

(10) b. Give matrices D and P such that D is a diagonal matrix, P is an invertible matrix, and P" AP = D.
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30. For each of the following, determine whether the given function from R” to R” is a linear transformation
or not.

e[} - oo 1([)- |4

(10) 31. Let A by any 2 x 2 matrix and M, = {B € M, , : AB = BA}. Show that M, is a subspace of
M

2x2°



Chapter 5: Fall 2017

Section 5.1: Quiz

93



Quiz 37 Name:

Directions: Show all of your work and justify all of your answers.

(1) 1. Solve the following.

2 + y = 1 5y = 25
-x + 2y = 12
y=>5
2 + y = 1
2r + 4y = 24 T =-2
('2>5)

(2) 2. Find the distance between the point (5,-9) and the line -3z + 2y = 6.

Find the equation of the line through the point (5,-9) and perpendicular to the line -3z + 2y = 6.
The slope of the line -3z 4+ 2y = 6 is %

The slope of a line perpendicular to -3z 4+ 2y = 6 is -%.

y+9=-2(z—5)

20 + 3y = -17

Find the point of intersection of the two lines.

2v + 3y = -17 13y = -39
B+ 2y = 6
Yy =-3
6x + 9y = -51
-6r + 4y = 12 r=-4

The distance between the points (5,-9) and (-4,-3) is V117.



Quiz 38 Name:

Directions: Show all of your work and justify all of your answers.

1. Find all solutions to the following systems of linear equations.

(1) a. (1) b.

r + Yy + z = 2 r — y + z =0
r 4+ 2y — z = -3 r — 9y + 5z = 0
(1 1 1 2] (1 -1 1 0]

2 -1 0 3 1 3 -1

1 2 -1 -3 1 -9 5 0]

(1 1 1 2] (1 -1 1 0]

0 ‘3 ‘2 '1 R2_2R1 O 4 -2 O Rg_Rl
_0 1 ‘2 '5_ RS_Rl _O -8 4 O_ RS_R]
(1 0 3 7|r-g, (1 -1 10

01 -2 -5|n 0 1 -1 0|1r,

|0 0 -8 -16| R, +3R, [0 0 0 OfR,+2rR,
(10 3 7 (1 0 & 0]& +&
01 -2 -5 0110

(00 1 2]-3R, (00 00

[1 0 0 1R -3R, Free variable: z

0 1 0 -1]|R,+2R,

001 2 Solution: Points of the form (-%z,%z,z)

Solution: (1,-1,2)



Quiz 39 Name:

Directions: Show all of your work and justify all of your answers.

14 7 1 © 1 -1 4 2 1 -1 1 -4 -2 -1
1.LetA:[0 : 8],3: 5 al.c=]0o 18 7 0ol.andD=]0 -1 8 7 ol
3 0 -1 -5 6 17 -6 1 5 -6 -17 6

Note that D = -C. Calculate each of the following.

12 2

(1) a. AB = [_22 _J
1 10 55
(1)b.BA=|2 7 6
-3 -12 -21

(1) c. AC+AD = A(C+ D)= A0,,. =0,



Quiz 40 Name:

Directions: Show all of your work and justify all of your answers.

(2) 1. Express the following matrix as a product of elementary matrices.

o N O
o O =
[ R

Note 3: The following elementary row operations transform the identity matrix to the one above.
(2) Add row three to row two.
(¢2¢) Multiply row 1 by 2.

(222) Interchange rows 1 and 2.

011 01 0f(20O0] (1 0O
So[2 0 0f=1]10 0[]0 1 0[]0 11
0 01 0 0 1[0 0 1] [0 O 1

2. Calculate the determinant of each of the following matrices.

1 2 3 1 31 -1
()a. |-1 0 4 ()b. [0 1 24
2 1 8 0 0 8
Use the Cofactor Formula. Note that this matrix is upper triangular.
1 2 3 1 31 -1
-1 0 4] =25 0 1 24| =28
2 1 8 0 0 8



Quiz 41

Name:

Directions: Show all of your work and justify all of your answers.

a O

(3) 1. Let V=M, andS:{[O

a} :aeR}. Also, let + : V x V

— V' be matrix addition and

-8 x V — V be matrix multiplication. Show that V is a vector space over S.

Verify the eight axioms.
(2) Matrix addition is commutative.

(¢) Matrix addition is associative.

(44) Let 0 = [8 8] .

w -z W z

(iv) The additive inverse of B y} is [—:c —y] =- {x

1

(v) Left matrix multiplication distributes over matrix addition.

(vt) Right matrix multiplication distributes over matrix addition.

(vid) Matrix multiplication is associative.

(viii) Note that [(1) ﬂ [x y} - [x y}

Z w Z w



Quiz 42 Name:

Directions: Show all of your work and justify all of your answers.

(2) 1. Do the following vectors form a basis for R*?

1 -1 1
Tf, (1], |-1
1 1 1
Yes.
1 -1 1 2 0 O|R +R,
Let A=1]1 1 -1{and B= |2 2 0| R,+R, which is formed by performing type III
1 1 1 111

row operations to A. Note that B is lower triangular and det B = 4. So B, and hence A, is invertible. Since A
is invertible, the equation Az = 0 has only 0 as a solution. Therefore, the columns of A (the given vectors)
are linearly independent. Three linearly independent vectors form a basis for R’

(2) 2. Let V be the vectors in R® that are in the plane # — 3y — z = 0. Find a basis for V.
A plane has dimension 2. So we must find two linearly independent vectors in the plane.

1 0
One such pairis [0] and | 1

1 -3



Quiz 43 Name:

Directions: Show all of your work and justify all of your answers.

(3) 1. For the following matrix, find a basis for the row space, a basis for the column space, and a basis for
the null space.

1 2 2
10 2
01 2
1 2 2
Let A= 1|-1 0 2
01 2
1 2 2 . [ o2
10 2 =5 101 2
01 2 000

row(A) = span{[1 0 -2],[0 1 2]}

col(A) = span -1,

= O N

nul(A) = span -2

Section 5.2: Exam 1

Exam 1 Math 3720 Fall 2017

Name:

Directions: Show all of your work and justify all of your answers. An answer without justification will receive
a Zero.

2. Solve each of the following completely.

r + y =3
(10)a- 9, 4 3y = 5

Note that -2Eq, + Eq, yields y = -1. So (4,-1) is the solution.
r + y + 2z = 1

(10) b. 2z — y = 4
x + y — z = 4



1 1 2 1 ¢ 0 0 1

2 -1 0 4l ——= 010 2

1 1 -1 4 0 01 -1
Solution: (1,2,-1)

2r — 2y + 2z = 0

(10) 3r + 2y — 3z = -2

2 -2 1 0 rref 1 0 -2 -2
[3 2 -3 —2} {O 1 ]

o
[\

Free Variable: z
Yy =2 %z
T =-2+42z

Solutions: (-2 + 22,2 — %z,z)

2% + y + 2z =1
(10)d. = + 2y + =z = 3
3r + 3y + 2z = 5
21 11 1 0 35 0
121 3] -2 101 0
3 3 2 5 0 0 01

No solution.

soea= |y 7 Glom= 8] Be= |

0 1 6 21 6

a. Calculate each of the following.

(w)LSA+B:{3-5—ﬂ

2 4 24

i _ 12 -5 -10

(10) 2. AC = {5 g 22]
) -2 -1 2

(10) 2. C = |-7T -2 5
3 1 -2

(10) 4. Explain why [é

ﬂ .
0 has no inverse.

(10) b. Solve Cx = b.

Cx=b>
C'Cx=C"b
x=0C"b

T = (17
-7

101
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. 1 2 b a+2c b+2d 10
Note that f 2% 2 a b a — ,
ote that for any 2 X 2 matrix L d}’ [0 0} [c d} [ 0 0} #* {0 J

(10) 5. Prove only one of the following.

a. If A is symmetric and invertible, then A" is symmetric.

T -1

Proof: Note that (A'1> = (AT) = A" [
b. If A and B are invertible matrices such that AB = BA, then A" B" = B A”.

Proof: Note that A" B = (BA)_1 = (AB)_1 =B'A". [ |
Total Points: 122

Section 5.3: Exam 2

Exam 2 Math 3720 Fall 2017

Name:

Directions: Show all of your work and justify all of your answers. An answer without justification will receive
a Zero.

1. For each of the following, express the matrix as a product of elementary matrices and calculate the deter-
minant.

2 0 0 1 00][t oo0][200
(20)a. [0 -1 0| =10 1 0| |0 -1 0] |0 10
0 0 4 0 04[]0 01|00 1
2 0 0
0 -1 0|=-8
0 0 4

Since this is a diagonal matrix, the deteminant is the product of the diagnonal entries.

10 1 1 00][too][1o1
(20)b. [0 1 1| =100 1| |0 1 0] |0 1 0
010 01 0/[011]]001
10 1
01 1|=-1
010

Note that this matrix is formed by applying two type III row operations and one type I row operation to the
identity matrix which has determinant 1. The type III row operations do not affect the determinant and the
type I row operation changed its sign.
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2. Given that A is a 3 x 3 matrix with det A = 3, calculate the determinant of each of the following.

(10) a. A

o = O
O O =
_— o O

-3

A type I row operation changes the sign of the determinant.

120
(10)b. |0 1 0| A

00 1
3

A type III row operation does not affect the determinant.

(10) c. A"

1

3

det (4") = 31

(10) 3. Answer the following as true or false (write the entire word). If the statement is true, then prove it.
If the statement is false, then give a counter example.

If A and B are square matrices with the same dimension, then det(A + B) = det A + det B.

False.

Let A= B = 1. Then det(A+ B) = 4 and det A + det B = 2.

(10) 4. Let V.= M,,, A be a2 x 2 matrix, and W = {B € M,, : AB = 0}. Show that W < V.

Proof: Suppose that C,D € W and o € R. Then A(C + D) = AC+ AD =0+0 =0 and A(aC) = a(AC)

= a0 = 0. So W is closed under vector addition and scalar multiplication. [ |
o 3
(10) 5. Show that X = b| :abeR » is not a subspace of R".
1

1 0 1 0
Proof: Note that [0|, 1| €Xbut [0+ |1| = |1]| ¢ X. [}
1

1 1 1
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6. For each of the following, determine whether the vectors are linearly independent or linearly dependent.
Also, determine whether or not the vectors span R’

1 3 2
(20) a. |21, |4], |2
0 0 0
Dependent.
1 2 3 0
Note that [2| + 2] — |4] = |0
0 0 0 0

Since any vector in the span of these three vectors must have 0 as its third component, these vectors do not
3
span R".

1 1 0
(20) b' 0 9 1 9 1
0 0 1

These vectors are linarly independent and do span R’.

Let A = be the matrix whose columns are the three vectors.

o O =
O = =
— O

Since A is an upper triangular matrix, the determinant of A is the product of its diagonal entries which is 1.
So A is invertible. So the equation Az = 0 has a unique solution in R’ which implies the columns of A are
linearly independent. Also, for any b € R*, Az = b has a unique solution which implies that the columns of of
A span R’.

Total Points: 140
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Section 5.4: Exam 3

Exam 3 Math 3720 Fall 2017

1. For each of the following subspaces of R”, give a basis.

(10) a. The plane 22 +y — 3z = 0. (10) b. The line v = % = 7.
1 0 1
-2 9 3 3
0 1 4

(10) 2. Is the following set a basis for P,?
{2z, 2 +1,2% — 1}
Yes.

Note that 1 = (z + 1) — 3(22), 2 = (22), and 2 = (2 — 1) + (z + 1) — 3(22). So P, = span ({1,z,2}) C
span ({2z,z + 1,22 — 1}) which means that span ({2z,x + 1,22 — 1}) = P,.

3. Give the row space, column space, and null space of the following matrices.

rref

(10) a. A= _fret |

O =
N O DN
— N
O =
DO DN
— N
OO =

0
1
0
0
So A is an invertible 3 x 3 matrix. Hence, row(A) = col(4) = R” and null(A) = |:0

O_

1 111 1 1]

1o -1 1 4 - ol |-1

(10) b. A = 10 2 5 col(A) = span 1o
3 24 7 3 2
1 111 10 2 5 2] [-5]
0 -1 14 rref 01 -1 4 o 1 4
1025 00 0 0 null(A) = span | 3 |
3 24 7 00 0 0 0 1]

row(A) = span{[1 0 2 5],[0 1 -1 -4]}
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(10) 4. How many rows of zeros are in the reduced row echelon form of a 4 x 6 matrix with nullity 37

One. Since rank + nullity = 6, rank = 3. So the matrix has 3 pivots which means that the reduced row echelon
form of the matrix has 3 rows which contain nonzero entries and one row of zeros.

0 1 1 1 0 0
5. Let 3 = 11,]0(,|1 and p = 0|,(1],]0
1 1 0 0 0 1

(10) a. Show that f3 is a basis for R’

011 i 1 1

Proof: Let A= |1 0 1|. Verify that A is invertible and A” = 1.1 11, Since A is invertible, its
110 . i1 i

columns are linearly independent vectors in R". Hence, the columns of A form a basis for R". [ |

(10) b. Give the transition matrix from g to p.

— = O
[ R
O~

(10) c. Give the transition matrix from p to S.

. EREE R
A =134 3
1011
2 2 2
4
(10) d. Write [-1{ in terms of 5.
1
23 [ [2
AL
o3 2l L1 1
0 1 1 4
Verify that -2 [1| +3 |0| + |1| = |-1
1 1 0 1

Section 5.5: Final

Final Exam Math 3720 Fall 2017

Name:

Directions: Show all of your work and justify all of your answers. An answer without justification will receive
a Zero.
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6. For each of the following, find all solutions to the equation Ax = b.

(10) a. A = H ﬂ b= {g}

(10) b. A =

— N =
(NI
L
(=)
|
—= o0 W
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(10) 7. Multiply the following matrices. Hint: Use block multiplication. Partition each matrix into four 2 x 2
matrices.

10 0 0100 10
01 0 0[O0 O0O01
24 -1 0|1 2 1 2
6 8 0 -1 1|3 4 3 4

(10) 8. Does there exist a quadratic function f(x) = ax® + bx + ¢ such that f(1) =5, f(-1) = 7, and f(2)
= 77 Hint: Create a system of equations with unknown variables a, b, and c.
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(10) 9. Calculate the determinant of the following matrix. Is it invertible?

O O =
O = O
W O N

(10) 10. Give an example of two square matrices A and B such that |A + B| # |A| + |B].



110

(10) 11. For the following matrix, find a basis for the row space, a basis for the column space, and a basis
for the null space.

1
-1
1
0

W= N =
— == O
N O =
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(10) 12. Give a basis for the plane 2z + 3y — 2z = 0 in R’.

(10) 13. Choose one of the following.
a. Prove that the inverse of an invertible matrix is unique.

b. Prove that the product of two invertible matrices is invertible.
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(10) 14. Choose one of the following.

a. Prove that if \ is an eigenvalue of an invertible matrix A, then % is an eigenvalue of A™.

b. Prove that if ) is an eigenvalue of a matrix A, then \" is an eigenvalue of A",

(10) 15. Answer the following as true or false (write the entire word). If the statement is true, then prove it.
If the statement is false, then give a counter example.

A type I elementary matrix is an orthogonal matrix.
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16. For each of the following, determine whether or not the given function is a linear transformation. If it is,
give its range and kernel.

8

(10) a. T: R’ — R’ defined by T y =

[NCIRSIE

(10) b. T :R* — R defined byT([ﬂ) =r+vy
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17. Let A= |5 10
57

(10) a. Find the eigenvalues and corresponding eigenspaces of A.

(10) b. Is A diagonalizable? If so, find an invertible matrix P such that P~ AP is a diagonal matrix.
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Chapter 6: Summer 2018

Section 6.1: Quizzes



Quiz 4405-16-18 Name:

Directions: Show all of your work and justify all of your answers.

1.Letv:[1 -1 0 2] and'w:[B 21 4}.

(1) a. Calculate 2v — 3w. (1) b. Calculate v - w. (1) c. Calculate ||v||.
20— 3w = [-7 4 -3 -8] v-ow=3+2+0+8=13 v =vVI+1+0+4=+6

(2) d. If possible, find @ and  such that av + fw = [1 0 1 0]. If this is not possible, explain why it is
not.

Suppose that av + fw = [1 0 1 0]. Then [a@ -a 0 2a]+ [38 28 8 48] = [1 0 1 0] which
implies

a + 365 =1
-a — 26 =0
0+ g =1
20 + 48 = 0

From the third equation, we see that § = 1. Substituting in any of the other three equations, yields o = -2.
So2v+w=1[1 01 0].



Quiz 4505-18-18 Name:

Directions: Show all of your work and justify all of your answers.

1. Letv=[1 -3 2], w=1[2 0 5], and g be the angle between v and w.

(2) a. Calculate each of the following.

w

v = 12 R 3 144 131
Tollew]] V14v/29 2%. sinf = /1 —cos?260 = /1 — 1195 = \/ 33

2. cosf =

(1) b. Find two vectors a and b with the following three properties:
1. a + b= w;
#t. a and v are parallel;

22t. b and v are orthogonal.

Leta:projvwzg[l -3 2,]:[2 -1—78 %] andb:w—a:'w—projv'w:[% a 7].

Note that a + b = w, a and v are parallel since a = gfv, and b and v are orthogonal since b - v = 0.

(1) 2. Suppose that v and w are nonzero vectors in R’ such that the angle between them is 0. Explain why
llwll,,
W’U = w.

Since the angle between v and w is 0, v and w have the same direction. Also, va and v have the same

direction since they are scalar multiples of each other. Also, note that

HUH = ||lw]|. So %v is the vector

in the direction of w with magnitude ||w|| which means that Hv is w.



Quiz 4605-23-18 Name:

Directions: Show all of your work and justify all of your answers.

1 -1 5

1 -1
0 9 1] and B = | 2 3|. Perform the indicated operation if possible. If it is not
-102

(3) 1. Let A= l
possible, explain why it is not.

a. A+ B

This is not possible since A and B have different dimensions.

_ 1 _1- _
1 -15 6 6
b. AB = } 2 3
0 2 1) > | 3 8
1 -1 - [1 3 4
c. BA=1|2 3 Ll) ; ? 2 4 13
-1 2 1 5 -3

(1) 2. Explain why [8 ﬂ is not invertible.

. la b 0 I|fa b] | ¢ d 10
Note that for any 2 x 2 matrix L d}’ [0 2} [c d} = [20 Qd] £ [O 1]_

a bl |10 1] |10 a+2b 10
Also, note that L d} [O 2]—{0 c+2d}#[0 1}

(1) 3. Suppose that A and B are matrices such that A" = Ll) _ﬂ and AB = [ } g ﬂ Find B.
oy, 1171 83] [23 a
A R I R



Quiz 4705-25-18 Name:

Directions: Show all of your work and justify all of your answers.

1. Use Gauss-Jordan elimination to transform the given matrix into reduced row echelon form.

(1) a. H ‘ ;] (1) b. [1 :ﬂ

(1 0 1 iR, (1 2]2m,
-1 1 8 -1 3
101 1 2]
10 1 9]R +R, 10 5|R, +R,
o]
10 1]3R,
1 O-R1—2R2
101




Name:

Quiz 48

Directions: Show all of your work and justify all of your answers.

-1

(3) 1. For the given matrix A, calculate A, A", and (AT) .

-1
-2
b}

0
-1
1

1
2
0

a. A=

o 3
= ™ S <
_
e
TN x ~ho o
1 T 1 T 1 | ——|
o O~ OO - O D~ QPO —ho —ho
1
o — O o — o N = O N o
=R
||||||| _|IA IOI qu |‘|I. IOIIHou ho —ho —ho
oO—ww - ST T T T oo
S — 0 N o o —
N —
b N~ O o — O o — O
104_ oo —Hoo —HOoO
5 N
5 <
| + ©
~ ™ S
R R D_n1_5
I 1 I 1
1
o o — o o~ oo~ O O e
oo o — O S — O‘l_Al_o
— o o — Qe —aa — O e
— — [ T Yo N
0 + OO0 4 o0 — o —
e e~ o e o —o
— o — o o - o o - o o

AN —ho —ho
!
[\ ‘|_. [a)

ho —ho —~ho

<
RS
+
Rl
1
—hn O —ho

0 -1
-1 -2
1 5

1
2
0

o O —ho

—ho Y —=ho
I

oo N cho
1

I
<

—ho O —ho

—ho —— —ho
I

mhn QN aho
!

1

AP0 —ho —ho
'
[\ 1__ @]

Mho —ho —ho



Quiz 49

Name:

Directions: Show all of your work and justify all of your answers.

1. Calculate the following determinants.

1
(1) a. 1
2
(1) b. | 1
4
0
(1) c. 2
0

_2___
4'_42_2
-3 10

-3 10 2 -3
0 1 ‘ ‘—‘ ‘:—136—8:—128
10 12 10 12 -4 10
3 33 0 3 33 0 3 3 3 4 4 4 4
00 1| 44 4 4 vy l4 444|003 3 3]
444_('1)0001_(1)(1)0022_(1)(1)(1)0022 24
02 2 002 2 0001 0001

(1) 2. Prove that the additive identity (zero vector) in a vector space is unique.

See problem 53.

(1) 3. Let A be an m x n matrix. Prove that N(4) <R".

See problem 60.



Quiz 50 Name:

Directions: Show all of your work and justify all of your answers.

1. Transform the matrix to reduced row echelon form. For each free column, find a nonzero vector in the null
space.

1 -2 0 0 f1-200
(1)a. {0 0 3 5| ——= 10 010
0 01 1 0O 0 01
Free column: 2
2
1
0
0
1 1 2 1 0 1
011 rref 011
1) b. —_—
(1) 1 2 3 000
1 1 2 000
Free column: 3
-1
-1
1
1 01 0 -3
(I)c. {01 2 0 1
0001 6

Free columns: 3, 5

1] [ 3
2 |1
1], ]0
of |-6

- O_ - 1_




Quiz 51

Name:

Directions: Show all of your work and justify all of your answers.

1. Determine whether the given vectors are linearly independent or linearly dependent.

o 1]

Independent.

Using column vectors:

1 0 rref 1 0
[-1 7} {O 1]

Pivots: 2

Using row vectors:

1 -1 rref 1 0
i

No zero rows.

o [ [2] [

Dependent.

. 2
Three vectors in R".

-6 4

( 1) C. 1 I 1

8 2
Independent.

Niether vector is a multiple of the other.

Using column vectors:

6 4 . |10
1 1] =510 1
8 2 0 0
Pivots: 2

Using row vectors:

-6 1 8 rref 1 0
{4 1 2] [O 1
No zero rows.
-3 2 6
(1)d. |-4f,[3].]5
4 -5 13
Dependent.
Using column vectors:
-3 2
43 5 rref 0
4 -5 13 0
Pivots: 2
Using row vectors:
-3 4 . 1
2 3 5| =10
6 5 13 0

Row of zeros.

—_

—_

R caies

-8



Quiz 52 Name:

Directions: Show all of your work and justify all of your answers.

1 1
(2) 1. Find a vector v € R® such that 1],]1] v p is a basis for R’.
1 0
1 1
Choose any vector not in the span of 11,11
1 0
1
One such example is |0
0
1 1
(2) 2. Find an orthonormal set with the same span as 11,10
1 2
Use the Gram-Schmidt orthogonalization process.
1 1
Let v, = |1| and v, = |0
1 2
1 . 1 1 0
Also, let w, = v, = |1| and w, = v, — <Hul,1||22)'w1 =lo|-2|1] =11
1 2 1 1
1 0
. . w 1 . u _ 1
Finally, let u, = IIwiH =7 } and u, = Huzll =5 _1

111
11 2
11 3]
(1 1 1] 110
11 2] = o 01
11 3] 00 0

=

D

S~—

Il

(2]

o]

S

=
O = =
— oo







Quiz 53 Name:

Directions: Show all of your work and justify all of your answers.

1. Solve completely.

r + y = -1 v+ 2y — =z
(1) a 3r — y = -15 1)ec 2 — y + 2z
r + vy
Add the two equations.
1 2 -1 [
4z = -16 1 -1 92 5 rref
1 1 0 3
r=-4 L
. 4]
Substitute. Particular solution: |:_1
Yy = 3 O_
20 — y + 2z = 2 . ' -1
(Db, -z + y + 22 = 7 Special solution: | 1
3r — y + 4z = 10 1
2 -1 1 2 1030 ‘ 4
1 192 7 _ref | 0150 Complete solution: -1
3 -1 4 10 0001 0

No solution.

Total Points: 292

ot

OO
o= O
O = =
O = o
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Section 6.2: Exam 1

Exam 1 Math 3720 Summer 2018

2. Letv, =[2 -1 1],v,=[2 1 -1],w, =[3 0 8],and w, = [8 0 3]. Also, let 6, be the angle
between v, and w,, ,, be the angle between v, and w,, 0,, be the angle between v, and w,, and 6,, be the
angle between v, and w,. Compute/answer the following.

(10) a. (10) d.
v,ow, =64+0+8=14 proj, w, = (ﬁ;:ﬁ%)q)l =Yy, =1[2 -1 1]
Ul'w2:16+0+3:19 . VW, 19 19
pI'Ot]v1 w, = (””1H2> vV, = E"% = % [2 -1 1}
v, w, =6+0-8=-2
: _ Y2y _ -2 _ 1
v, w, =16+0—3 =13 proj, w, = (nvzw)"’z =3v,=-3[2 1 -1]
(10) b. pI'Ojv2'LU2 = (”i2|‘§> v, = %’02 = —% [2 1 —1}
_ o vwy 14 14
€080 = e, = Vovm — vim (10) e.
cost,, = I\;?II.I%ZII = \/613% = \/14% Find a unit vector parallel to w,.
_ _Yw, 2 2 1 - L
0080, = ol = Vevms — v i = v (3 0 8]
cosf. — YW 13 _ 13 Find a unit vector parallel to w,.
22 llvg [[lw, |l V6VT3 V438
1 _ 1
(10) c. Fo %2 = 73 (8 0 3]
_vw 1 10) f.
comp, W, = o = (10)
comp, w, = 2 — 19 Find a vector orthogonal to w, .
vy 2 flv V6
[—8 0 3]
comp w, = 2L =2 —_2
Wi = Jol T V6T Ve '
Find a vector orthogonal to w,.
. UV, W _ 13
comp, w, = ok =

[-3 0 8]
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(10) g. Suppose that v, + w, + = 0.
Give x in component form.
Suppose that v, + w, + ¢ = 0.

Give  in component form. v,+w, +x=0

v, +w, +x=0 51 7]+x=0

5 -1 9] +x=0 x=[5 -1 -T]

x =[5 1 -9] Suppose that v, + w, + = 0.

Give x in component form.
Suppose that v, + w, +x = 0.

Give x in component form. v,+w,+x =0
v, +w,+x=0 [10 1 2]+ =0
(10 -1 4] +x=0 x=1[-10 -1 -2]

x=[-10 1 -4]

(10) 3. Suppose that u,v,w € R” such that w L v and w L w. Prove that u L (v + w).

Proof: Sncew Lvandu L w,u-v=0andu-w=0. Thenu-(v+w)=uv-v+u-w=0+0=0.
Therefore, u | (v + w). [

(10) 4. Suppose that u, v, and w are nonzero vectors in R” such that w is parallel to v and u is parallel to
w. Prove that v and w are parallel.

Proof: Since u is parallel to v, there is a € R such that @ # 0 and w = av. Likewise, there is 5 € R such
that 5 # 0 and w = fw. Then av = fw which means that v = gw. Hence, v is parallel to w. [ |
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Calculate each of the following.

1
a ey = — O ™
— O N e
a ey = — O ™
L ] L ]
I I
| |
— O — O
S O
— O — O
—_ —_
I 1 I 1
— O ™ N
o ep — o ™
L ] L ]
I I
S Sa)
— N
< <C

(10) b.

™M O OOQ_U
30\_u ™M O
—_ —_
I I
I 1 1 1
— O A 231
a ey — O ™
L 1 ]
| —— ] | —— |
— O — O
(el | o -
— O — O
—_ —_
I I
i o~
< <
Q Q

_0\_U 0_ _0 q\_U_
_3 3_ _3 3_
I I
T) T)
< <
s s
I I
HB MB
< <
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6. Give the reduced row echelon form of each of the following.

o M~

— [al
Sl ot
~ K )
— o |+ e |
—|h [+ I ] [
eI i~ At
a.w T 1 T 1 T
O -0 O — 0 S —H O
—
S — o o - o o - o o
= L 1 L 1 L
o
o <# ~
o 2l
At
O I |
] R2 R2
[~ I ] —
N — KK — = x
1 <H ™ o e 01~
! H i~ e
[ew)
— — — O — O — O
~— L 1 L 1 L 1 L 1
—
@ :
N
S o
— 4 ~ ol —
! o ~ + o <#
R —N - 1
na. T __ ~
— —
o A o o — |
— .
[ew)
— — O — O — O .
~ ! Q2

& ~ 3
s o
| 0 —
1 SN RS + _
— "
— D0 KKK o o
1O — D~ 1
S AN K_ul7 ! — o —H O
— O A — O O — O O
o L 1 L 1 L
o N
o <
w— < *
o <t R?.Rl R2 e Rl
_4 1 r 1
51__ <t ™ K_u 45,.7 Q- ok
N e gk g o —
. — N — O — O — O
d L 1 L 1 1 ]
- 2l
~ &
[a\] 2]
+ ~ I
lal R -
o4 ~le <
1 r 1 r
™ A — S
@) — O
1 L 1



131

1 4 8 -3 01 -2 1 4 8 -2 5 6
7T.Let A= |3 1 2(,A =|1 4 8|,A4,=|5 -3 2|,andA, =|-3 1 -2
5 -3 2 5 -3 2 301 -2 5 -3 2

(10) a. Find B such that BA = A,.

01
B=110
0 0

_= O O

(10) b. Find B such that BA = A,.

1
B=10
0

_ O O
o = O

(10) c. Find B such that BA = A,.

1 10
B=1010

001
(10) 8. Let A= {é 8} . If possible, find a nonzero matrix B such that AB = {8 8} . If this is not possible,
explain why it is not.

[t

(10) 9. Prove that if A and B are symmetric matrices of the same dimension, then A + B is symmetric.
Proof: Note that (A + B)T — A +B = A+B. [

(10) 10. Prove that for any matrix A, A" A is symmetric.

T T
Proof: Note that (ATA) = A (AT) = A A [
11. Prove that for any matrix A, AA" is symmetric.

Proof: Note that (AAT)T - (AT)T A" = AA", N



12. For each of the following, compute the inverse if it exists. If the inverse does not exist, explain why it does

132
not.

(2] — 2l —
aet ~ R2 ot <
™ | ~ |
) & _ ) .
) oo x _|_R
1 1
— oo~ — o o -
oo~ oo - oo — oo
= ) — -
oo e =< ! o~ o - = ! !
- — .
- oo - oo e ¢ oo - o o - o o e J
|||||||||||||||||| b 1 - - - - = - - - - - = - - - - - = - b
— — — — — O = <+ — 10— 10 10— O =
1 1 1 1 — Mmoo 1 1 1 —
= T :
0 Yol IYo 0 N o = Mmoo m Mmoo m Mmoo =
1 1 1 1 o— 114 I I I I I o—
+ 1 +>
o —~ ™M o — o o — o ) — o~ < o — o o — O S}
1 L ] L ] N P.'-. L ] L 1 L 1 N
e«
g N 03 & o
| | + + N~
"M N — [l o) +_
S = ~ I~ x a ® o
_0 0_ _2 5_ _|__ Sl Sl R o1
1 — — I 1 I 1 I 1
oo~ ! RCERSR S oo — oo — —_ oo
o O
oo oo — O oo o~ o oo —
— O 1
\ — O o — O
et e = T — —ee T aa a = o
=T M — 0 T T
— o o _ — o oo~ i _ o =< o - o oo~
A= AEY oo o-o T2 co—- TN oo o—o
I — |
— - O — o o — o o - o o oo~ . oo — oo — o o
1 L ] L ] L ] L ] d L ] L 1 L 1
N N
§ L : :
™ — o -
a [aef + < o x + <
< It Rl —ho [ o Rl e
— T e e —— ©°- T —— e
— o =l | 1_%1,4 O S e —l© o 1_11_
| ——
=t 14 — T ool I o] I ‘I_AVO — O 11__ 11,_6 0l© o 0[R o
_ o _ I o _ o _ I !
o - = - o S — ™™ e e - S o
0 Yolien) 0 O 0 o — O 3 i) MmO M O Mmoo — O
1 ] 1 L L 1 L 1 L 1
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3 -2
(10) 13. Suppose that A is an invertible 3 x 3 matrix, &,y € R’, Az = |-19]| , and Ay = |21 |. Given that
-13 17
(1 0 1
A" =2 2 3|, find x and y.
0 3 4
[ 3 -2
Az = |-19 Ay = |21
-13 17
4 a3 ; L [-2
AT Az = A" |19 A Ay =A |21
-13 17
(1 0 1 3 (1 0 1] [-2
x=|2 -2 3| [-19 y=[2 2 3| |21
0 3 4] |-13 0 -3 4] |17
10 15
T = 5 y=1>5
| 5 5

-1 -1 -1

(10) 14. Suppose that A and B are invertible matrices of the same dimension. Prove that (AB) = A B
if and only if AB = BA.

Proof: First, suppose that AB = BA. Then (AB)-1 = (BA)_1 — A" B". Now suppose that (AB)_1 — A'B".

-1 -1 -1

Then 48 = [(48)'] = (a'B) = (8*) (4") =Ba.

Section 6.3: Final

Final Exam Math 3720 Summer 2018
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Name:

Directions: Show all of your work and justify all of your answers. An answer without justification will receive
a zero. The use of calculators, phones, electronic devices, or outside sources will result in a score of 0 on the
exam.

15. Calculate the following determinants.

-4 1 4 3 0
10) a.
(10) a. | . 8‘ (10)b. | 1 0 0
10 -5 6
1000 1 200
. . e loo10 o100
16. Suppose that A is a 4 x 4 matrix, |A] = -3, E = 010 0 ,and F' = 00 10 . Compute the
00 01 0 0 01

determinant of each of the following.

(10) a. FA (10) b. FA (10) c. 2A (Be careful)
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(10) 17. Suppose that v,w € R’. Prove that w — proj w is orthogonal to v.

-T

(10) 18. Let W = H 5”] x € R}. Prove that W < R".
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19. For each of the following, determine whether or not the given set is a basis for R’

1 1 0 1 -1 D
(10) a. _1 ) ]- ’ ]- (10) b‘ 2 ) 3 ) O
ol 1] |1 1) 2] |7

(10) 20. Suppose that A is an m x n matrix and n < m (A has more rows than columns). Prove that the
rows of A are linearly dependent.
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1 1 1 1
(10) 21. Find an orthogonal basis for R’ that includes the vectors 0l and | 1{. Notethat |0 and | 1
1 -1 1 -1
are orthogonal to each other.
1 1 -1 -2
(10) 22. Note that SN is an orthogonal set of vectors. Express | 8| as a linear combi-
2 0 1 3

nation of the vectors in the given set.
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(10) 23. Suppose that S = {v,,v,,...,v,} CR", w € R”, and w is orthogonal to S. Prove that w is
orthogonal to span(.5).

(10) 24. Let W = span <R'. Find a basis for W
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100-3 3 5 8 4
25. et A=1|0 1 0 2 11 7 7 0. Find each of the following.
001 0 = 17 -5 17
(10) a. The row space of A. (10) b. The nullity (not the null space) of A.

(10) c. The column space of A. (10) d. The null space of A"
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26. Solve completely.

Br + 4y

(10)a o 4 5

(10) c.

-3+
xr +
2r —

by + Tz

3y
Ty

6z

z
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Chapter 7: Summer 2019

Section 7.1: Quizzes



Quiz 5405-24-19 Name:

Directions: Show all of your work and justify all of your answers.

1.Let'v:[2 0 -3 4] and'w:[l 0 2 -1}.

(1) a. Calculate 4v — 2w. (1) b. Calculate v - w. (1) c. Calculate ||wl].
dv—2w=[6 0 -16 18] vow=2+0-6—-4=-8 |lw|=vV1+0+4+1=+6

(2) d. If possible, find o and § such that av + fw = [7 0 0 5}. If this is not possible, explain why it is
not.

Supposethatozv+5w:[7 0 0 5}.Then [2@ 0 -3a 404]—1—[5 0 28 —5}2[7 0 0 5] which implies

20 + B =7

0+ 0 =20
SBa — 28 =0
4o — B =5

Adding the first equation to the fourth, we see that 6 = 12 which of course means that a = 2. Substituting
in any of the three non-trivial equations yields § = 3. So 2v + 3w = [7 0 0 5] )

(2) 2. Suppose that v,w € R". Prove that v-w = w - v.

See the proof of Theorem 22.



Quiz 5505-29-19 Name:

Directions: Show all of your work and justify all of your answers.

1. Let v = [-1 0 8] ,w = [2 1 6] , and 0 be the angle between v and w. Find each of the following.

_ _vw  _ 46 _ vw _ 46
(1) a. cosb = iy = Ty (1) b. comp,w = i} = 75
(1) c. proj,w = Hizv = B1-1 0 8] (1) d. A unit vector parallel to v.

2. Suppose that v,w € R’ such that ||Jv|| = 2 and ||w]|| = 5.
(1) a. Is it possible that v - w = 12?7 Why or why not?

No. By the Cauchy-Bunyakovsky-Schwarz Inequality, |v - w| < ||v]|||w]| = 10.

(1) b. Is it possible that ||v +w|| = 97 Why or why not?

No. By the Triangle Inequality, ||v + w| < [|v]| + ||w] = 7.

(1) 3. Let A= é i] and B = “ g] Calculate A+ 2B.

102
A+2B =
* [5 8



Quiz 5605-31-19 Name:

Directions: Show all of your work and justify all of your answers.

-5 0
(2) 1. Let A= [; (1) ﬂ and B= | 1 6. Calculate the following products.
i i 3 -1
_ 119 -8 -5 0 -40
a. AB = {-4 11} b. BA= |11 6 -22
5 -1 29
(1) 2. Multiply. Hint: Use block multiplication.
(000 011 0 0] [1 1 101 1 1] [44 414 4 4]
0000 10[ 222222 555'5 5 5
0001001333333 ]666660
10 0,0 00 4 4 4,4 4 4 11 1,111
010000||555'555 2.2 2'2 2 2
00 1000][6666¢66] |[333333

Also, note that the first matrix is the identity matrix with the rows permuted. Rows 1 and 4 are interchanged
as are rows 2 and 5 as well as rows 3 and 6. So the result of multiplying this matrix on the left is the same as
performing the corresponding row operations on the matrix on the right.



Quiz 5706-03-19

Directions: Show all of your work and justify all of your answers.

Name:

1. For each of the following, determine whether the given matrices are inverses, one-sided inverses, or neither.

(1) a.

I
OO =
[ R S

I
i
—_ =

Inverses.

(1) 2. Suppose that A, B, and X are matrices such that Al =

X.

O O
O~

1
W N

1
SO =

w
S O =

2
31,
1

O = =

O~

— W Ot

W N

SO =

O = =

— W Ot

—_

—_

2

Since AX =B, X =A"'B= |1

1

(1) b. [

1
1

20
-1 1

|\

One-sided inverses.

O O =

O = =

B

Y

-1
1
2

2
-1
-2

2
0
1

,and AX = B. Find



Quiz 5806-05-19 Name:

Directions: Show all of your work and justify all of your answers.

1. For each of the following, find the inverse or show that it does not exist.

L -2 10 -1
(1) a. {0 4] (1)b. [3 4 4
5 4 2
(1 2.1 0 ]
0 4'0 1 10 -1,10 0
34 4'010
(1 0,1 3R +iR, 54 210 01
0 410 1] ]
10 -1,100
1 0,1 4] 04 7'-3 1 0|r,-38,
0 1'0 *|im, 0 4 701-5 0 1]|r -3,
11 Not invertible. Note rows 2 and 3.
0 *

(1) 2. Prove that a matrix with a column of zeros has no left inverse.

See problem 44 from the homework.

1 0 1
3. Let A= | 2 0 8]|. For each of the following, find an elementary matrix £ such that FA = B.
-1 3 -2
-1 3 -2] 10 1 101
()a.B=|2 0 8 ()b.B=|1 0 4 (1)c. B=|2 0 8
|1 0 1] -1 3 -2 1 36
0 01 1 00 1 00
E=1010 E=10 3 0 E=1010
1 00 0 01 0 11



Quiz 5906-12-19 Name:

Directions: Show all of your work and justify all of your answers.

Definition 4: A vector space over a field S (usually R or C) is a set V' along with two operations + (vector
addition) and - (scalar multiplication). Addition is a function from V' x V' — V and scalar multiplication is a
function from S x V' — V. Also, the following conditions must be satisfied.

(2) Foralvyw e V., v+ w = w+v.

(2¢) Foral vw,z e V, (v+w)+z=v+ (w+ 2).

(222) There exists 0 € V such that v + 0 = v.

(iv) For all v € V there exists -v € V such that v +-v = 0.

(v) For all v,w, € V and a € S, a(v + w) = av + aw.

(vi) Forallv € V and o,p € S, (a+ f)v = av + po.

(vii) For allv € V and o, € S, (af)v = a(fv).

(viit) Forallv e V|, 1lv = v.

1. Prove each of the following.

(1) a. The additive identity in a vector space is unique.

See problem 55 from the homework.

(1) b. The additive inverse of each element in a vector space is unique.

See problem 56 from the homework.

(1) c. For each vector v in a vector space, (-1)v = -v.

See the proof of Theorem 161 from the class notes.



Quiz 6006-14-19 Name:

Directions: Show all of your work and justify all of your answers.
(1) 1. Suppose that A is an m x n matrix. Prove that N(A) <R".

See problem 62 from the homework.

(1) 2. Transform the following matrix to reduced row echelon form. For each free column, find a nonzero
vector in the null space.

120 1
2 4 1 -1
121 -2
[1 2 0 1] 120 1
241 1| = o0 1 -3
121 -2 000 0

Free columns: 2, 4

O O =N
—w O =



Quiz 6106-19-19 Name:

Directions: Show all of your work and justify all of your answers.

(4) 1. Determine whether the given vectors are linearly independent or linearly dependent.

1 0 1 7 1 2
a. |20, |-1], (0 b. [ 5], |-1], |4
1 3 5 -4 -2 1
Independent. Dependent.
Using column vectors: Using column vectors:
1 01 . 00 7 1 ; 1 0 3
2 -1 0| "= 1010 5 -1 4 —— |0 1 -3
1 35 0 01 -4 -2 1 00 0
Pivots: 3 Pivots: 2
Using row vectors: Using row vectors:
1 21 ; 0 0 7 5 -4 ¢ 1 0 -5
0 -1 3 —= 1010 1 -1 2| ——= [0 1 3
1 0 5 0 01 2 4 1 00 O
No zero rows. Row of zeros.
1 1 1 1
C. (O], |1, 1), -1
0 0 1 1
Dependent. Four vectors in R’
1 1 1 1 Using row vectors:
d 0 1 1 1
oo {171 1000 1000
0 0 0 1 1100 rref 0100
1110 0010
Independent. 1111 0001
Using column vectors: No zero rows.
1111 10 00
01 11 rref 01 00
0011 0010
0001 0001

Pivots: 4



Quiz 626-21-19 Name:

Directions: Show all of your work and justify all of your answers.

(1) 1. Prove that g = L0 : L1 : I : 1l is a basis for M, _,.
0 0 00 10 11

Proof: Since dimM,_, = 4, we need only show that J is a spanning set. Note that

2%x2

R A Bt A e e e e A R R e R R

Therefore, M, , = span <{ {(1) 8} , {8 (1)} , {(1) 8} , {8 (1)} }) C span (f3), as desired. ]
(1) 2. Suppose that v,,v,,...,v, are linearly independent vectors in a vector space V' and
v € span({v,,v,,...,v,}). Prove that there are unique scalars a,,a,, ...,a, such that

v=av +a,v,+---+a,v,.

See Problem 75.

(1) 3. Suppose that S C R" and v € R". Prove that v is orthogonal to S if and only if v is orthogonal to
span(.S).

See Problem 78.

(1) 4. Find an orthogonal set of vectors with the same span as the set below.

1 2 1
of, |1 Let w, =v, = [0 and
2 0 2
1 2 2 1
Let v, = |0 and v, = |1 w2:v2—ﬁfv:””12wl =11 —-2|0
2 0 0 2

Use the Gram-Schmidt orthogonalization 1 9 1
process. ol,1] — % 0
2 0 2



Quiz 6306-24-19
Directions: Show all of your work and justify all of your answers.

(4) 1. Find the four fundamental subspaces of the following matrix.

1 2 -3 1
o1 10
A= 01 11
1 3 -2 1
1 2 -3 1 1 0 -5 0
01 10 rref 01 10
01 11 00 01
1 3 -2 1 00 0O
1 0 0
R(A) = span _g , } ,8
0 0 1
4 5 3\
-1
N(A) = span ]
\ O J
(1] [2 1
B ol [1] |o
L] (3] [t
1 0 0 1
r |21 1 3
A4 = 311 -2
1 01 1
1 0 0 1 1 0 0 1
21 1 3 rref 01 01
311 -2 0010
101 1 0000
-1
N(A") = span 1

Name:




Quiz 6406-26-19 Name:

Directions: Show all of your work and justify all of your answers.

(3) 1. Find all solutions (if any) to the following systems of linear equations.

T+ oy + 2= -l T+ y + 2z =0
a. T + z = -2 c. r —y — z =6
2r +y + 2z = 9 3r + y + z = 6
11 1:-1] ; [r oo 1 1 1.0 ([t oors
1012 —=1010'1 1 -1 -1'6/ —— {0 1 1'-3
-2 1 11 5] 00 1"0 3 1 116 00 00
2] 3]
Solution: | 1 Particular solution: |-3
0] 0]
r + y + z =1 0
b. 20 — y + z =0 Special solution: |-1
r — 2y = 2 1
1 1 1.1 et 1 0 2,0 3 0
2 -1 1,00 —— {0 1 3,0 Complete solution: 3l +z]|-1]:2€eR
1 -2 02 00 01 0 1
No solution.
Section 7.2: Midterm
Midterm Exam Math 3720 Summer 2019
2. Let v = [-2 1 3] , W = [4 -1 —7} , and 6 be the angle between v and w.
Calculate each of the following.
(10) a. 3v + 2w V16 + 1449 = /66 — /%
2 1 -5 .
| ] (10) d. cosf (10) f. comp w
30  _ 15
(10) b. v-w Ve T 30
V14
-8—1-21=-30 1 . s
(10) e. sinf (10) g. proj w
(10) c. . [jv| V1 —cos?6 30
072 1 3]
VA+T+9 =14 _ f{_=>
- 231 = _15 [2 1 3}
.. 7
it. ||w||

(10) h. If possible find «, € R such that av + fw = [0 1 -1}. If this is not possible, explain why it is not.
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Suppose that av + fw = [O 1 —1}. Then [—2& e 30z] + [4B -5 —75} = [0 1 —1] which implies

2a + 48 = 0
a — [ =1
3. — 7 = -3

From the second equation, we see that & = § + 1. Substituting in any of the other two equations, yields 5 =
1 which then implies that o = 2. So 2v +w = [0 1 —1] )

(10) i. Find a unit vector orthogonal (not parallel) to v.

First note that [1 2 O} is orthogonal to v. Then -

0
-1

_13,B
6 1

1
3. Let A =
= |2

V5
10
21 3 5 1
{0 1 4 1] cand C=1 5y
12

[1 2 0} is a unit vector which is orthogonal to v.

-2
. For each of the following, perform

0

the indicated operation if possible. If it is not possible explain why it is not.

(10) a. A-B

-1 -1 2 -2
2 -2 10 0

(10) b. AB

Not possible. Note that ma-
trix A has four columns and
matrix B has two rows.

(10) 4. Prove that matrix addition is associative.

Proof:
all a12 aln bll b12 bln
a a a b, b b
21 22 2n 21 22 2
Suppose that A = | . : .|, B=1"- : .
aml am2 a’mn bml bm2 bmn
Then
(A+B)+C
Gy Gy Gy, b, by, 1n Cii Cpp
Uy oy o, by, by, on Cy  Cy
= . . + | . . . + 1 . .
aml a’m2 mn bml m2 bmn le Cm2
a’ll + bll a’12 + b12 a’ln + bln Cll C12 Cln
a’21 + b21 a’22 + b22 a’2n + b2n C21 C22 C2n
= : : : + 1. ; :
| ml _'_ bml am2 _'_ bm2 amn _'_ bmn le Cm2 Cmn

(10) c. AC

05 -7
-12 7 24

Cll Cl2 1in
C C C
21 22 2n
,and C' = | ] } :
le Cm2 Cmn
Cln
CZn
C

mn
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(all + bll) _l— Cll (a12 + b12) + Cl2 A (a'ln _l— bln) _l— Cln
. (a21 + b21) _l— C21 (a22 + b22) + 022 ce (a'Zn _l— b2n) _l— CZn
_(aml _'_ bml) + le (amQ _'_ bm2) _'_ Cm2 Tt (amn _'_ bmn) + Cmn_
all _'_ (bll + Cll) CL12 _'_ (b12 _'_ 012) R aln + (bln + Cln)
o a21 _'_ (b21 + 021) a22 _'_ (b22 _'_ 022) A a2n + ( 2n + 2n
_aml + (bml _I_ le) am2 + (bm2 + Cm2) tt a’mn _I_ (bmn _I_ Cmn)_
(@, a, ... a, byt by te, e
o a’21 a22 ct a'QTL _l_ b21 _l_ C21 b22 + C22 ct b2n + CQn
aml am2 tre amn bml + le bm2 _'_ Cm2 bmn _'_ Cmn
A+ (B+C).
1111
5. Let A = ?)) ?)) ?)) ?)) . For each of the following, find an elementary matrix F such that FA = B.
4 4 4 4
3 3 3 3
12 2 2 2
(10) a. B = 1111
4 4 4 4
0010
. . o 1010 0
Since B is formed by switching rows 1 and 3 of A, £ = 100 0
0001
1 1 1 1
12 2 2 2
(10) b. B = 1114
4 4 4 4
100 0
Since B is formed by subtracting row 4 of A from row 3 of A, ' = 8 (1) (1) (1]
000 1
10 00
. . . 1 101 00
Since B is formed by multiplying row 3 of A by -3, F' = 00 - 0
00 01



(10) 6. Give the transpose of the following matrix.

14 50 1 -3 1
-3 2 8 3 4 2 7
17 -27 5 8 -2

0o 3 7

(10) 7. Prove that for any matrix A, AA" is symmetric.
See problem 50 from the notes.

8. For each of the following, find the inverse or show that it does not exist.

A0 [2 1 0
(10)a. | 0 -1 0 Inverse: 0 -1 0

10 -1 2 -1 -1
(2 2 0,1 0 0] 1 1 3
0-1 0'0 10 (10)b. | 2 -1 0
-1 0 <110 0 1] 119
[1 1. 0,-2 0 0]=xr (1 13,100
010'0 -1 0|=r 2 -1 0/0 10
(10110 0 -1]-R 1 19001
[1 0 0/-2 1 0]r -g, (1 -1 3.1 0 0]r
010'0-1 0 0 1 6'2 1 0|Rr+2r
_101[0 0-1_ 0 212[101}23”21
[1 0 0/-2 1 0 (1 -1 3,-1 0 0
010'0-1 0 01 6'2 10
00 12 -1 -1]R-R, 0 0 0'-3 -2 1|Rr,—2R,

Not invertible.

-2 5 00 000
(10)0'[00] 010000
Inverse: 005000
Not invertible. 000 10O
3 ) 000O0T1O
200000 000O0O0T1
01 00O0O0 ) )
003000
(10) d. 000100
000O0T1O0
(00 000 1}
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(10) 9. Suppose that A is an invertible matrix and B is a singular matrix. Is AB invertible or singular?

Justify your answer.

Singular. See problem 38 from the notes.
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10. Calculate each determinant below.

1 -1 1 6 -3 6 -3 1
(10) a. |, 6‘ 1-‘1 _1'—0-'1 _1‘+2-‘1 1'
6-0=6 = 1(-1—6)+2(-3—1)

1 0 2 = -15
(10)b. [-3 1 6

11 -1

1 2 3 4

02 3 4
(10) c. 00 3 4 =24

000 4

The determinant of an upper triangular matrix, is the product of the diagonal entries.

1 48 37 8
4 9 8 26 9
01 7 51 2
A0 d- 1y 5y 41 0 1] =0
2 3 3 78 6
01 7 51 2

Note that rows 3 and 6 are identical.

Section 7.3: Final

Final Exam Math 3720 Summer 2019

Name:

Directions: Show all of your work and justify all of your answers. An answer without justification will receive
a Zero.

Engaging in any of the following will result in a 0 on the exam.

() Using a calculator, phone, smart watch, or any other electronic device.
(i2) Using an outside source.

(2¢¢) Attempting to block my view.

(10) 11. Prove that the additive identity in a vector space is unique.

(10) 12. Let W = cabeR Y. Is W <R"?

— O o Q

(10) 13. Do the following vectors span R°?
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14. Find the four fundamental subspaces of each of the following.

W N

(40) a. H g] (40) b.

— =N

W w o Ww

_= = =0

SN 0o N
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(10) 15. Suppose that a 4 x 4 matrix is in reduced row echelon form, the first three columns are pivot
columns, and the fourth column is a free column. Explain why the fourth column is in the span of the first
three.

(10) 16. Find a single nonzero vector in R® that is orthogonal to both of the vectors below.

2 3
_1 b) 0
6 -1
2 1 2 5)
(10) 17. Note that 1(,101(,15 is an orthogonal set of vectors. Express | 3| as a linear combination
1 -2 1 5

of the vectors in the set.
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18. (10) a. Suppose that W < R". Prove that W N W = {0}.

(10) b. Suppose that W <R", S C W, T C Wl, and both S and T are linearly independent. Prove that
S UT is linearly independent. Hint: Use the previous part.
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19. Find all solutions (if any) to the following systems of linear equations.

r + y = 3 r + y + z = 2
(10)a. 2z — y = 12 (10) b. -z + 2y + =z
r -y = 7 v — 4y + 2z

i1l
O O
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r + oy
(10) c. 2z + 3y
T + 2y

+ =z
+ =z

oo

(10) d.
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Chapter 8: Spring 2020

Section 8.1: Quizzes



Quiz 6501-22-20 Name:

Directions: Show all of your work and justify all of your answers.

-1 2
(2) 1. Letwv = 2 and w = 51;
3 -1
4
a. w—2v = (1) b. v-w =27 c. |lv|| = V26 d. ||w| = V70
-7
(1) 2. Prove that for any vector v € R", |-v| = ||v].
Uy Uy
Y n Uy 2 2 2
Proof: Suppose that v = | .| € R". Then -v = | ."| and [|-v]| = ¢/(-v,)" + (-v,)" + -+ (-v,)" =
U’n/ _U'n/

Vit ol = ol



Quiz 6601-27-20 Name:

Directions: Show all of your work and justify all of your answers.

(1) 1. Find the angle between the following vectors.

1 0
0], |1
-1 1

Let 0 be the angle between the vectors. By the Cosine Formula, cosf = —%. Therefore, 0 = %’r

6
(1) 2. Let v = |0|. Find a vector w that is parallel to v and has magnitude 7.
8
Since ||| = 10, both ;5v and -{5v are parallel to v and have magnitude 7.
1 4
(1) 3. Let v = |-2|. If possible, find a unit vector w such that uw+wv = | 3|. If this is not possible, explain
2 5

why it is not.
This is not possible.
Solution 1:

Suppose that w € R” is a unit vector. By the Triangle Inequality, ||u + v|| < |ju| + ||v| = 4.

4 4
Since 3 :\/%>4,u+v7é 3

5 5
Solution 2:

, 4 3 3
Suppose that w € R’ and v + w = 3|. Thenw = |5]| and 5 = /43.
5

3 3



Quiz 6701-31-20 Name:

Directions: Show all of your work and justify all of your answers.

(1) 1. Setv=1[1 -3 1]Jandw = [4 0 -1]. Find proj w.

proj w = (Mf;) v=2=2101 -3 1]

(1) 2. Suppose that A and B are m X n matrices. Prove that A+ B = B + A.

See notes.



Quiz 68 Name:

Directions: Show all of your work and justify all of your answers.

1. For each pair of matrices, determine whether or not they are inverses of each other.

maa=|} =l 0

Yes. Note that AB = 1.

unlA:[}j H,B:

O v =
|
O v v

Mlew@AB:{loyBA: £

01

O O =
o = O
o OO

-4

(1) 2. Suppose that A and B are matrices such that A” = [ } g} ,and AB = [} } Find B.

Since matrix multiplication is associative, B = IB = (A" A)B = A" (AB) = Ll) _;l] :



Quiz 6902-24-20 Name:

Directions: Show all of your work and justify all of your answers.

1 0 -2 1 0 -2 1 0 -2 1 00
3)1. SetA=1|00 1|,B=1|0 % 0], C=1]01 0|,andD=1]0 1 0
0 3 O 00 1 0 0 1 0 0 1

Give matrices E,, E,, and E, such that E/A = B, E,B = C, and E,C = D. Give a left inverse of A as a
product of £, E,, and E,.

100
Since matrix A is transformed into matrix B by interchanging rows 2 and 3, £, = [0 0 1
010
100
Since matrix B is transformed into matrix C' by multiplying row 2 by 3, £, = |0 3 0
0 01
1 0 2
Since matrix C' is transformed into matrix D by adding 2 times row 3 torow 1, E, = [0 1 0
0 01

Since E,E,EA =1, E,E,E, is a left inverse of A.



Quiz 70 Name:

Directions: Show all of your work and justify all of your answers.

(1) 1. Give the transpose of the following matrix.
-3 21
A= { 05 4}

A =

N W
=~ Ot O

2. For each of the following, find the inverse or explain why the inverse does not exist.

% %0 ]_ O 2;7 7OR1+R2
(1)a. [0 -+ 2 01 -2'0-70

0 & 1 00 110 3 1]ir
(2 2 071 0 0 (1 0 0,7 1 -2]r, —2r,
0 -+ 2'010 01 0'0 -1 2|r+28,
0 2 510 0 1 00 110 3 1
(1 10,7 0 0], (7 1 -2
0 -1 2,0 7 0|, 0 -1 2
0 3 110 0 7], 0 3 1
[1 0 217 7 0]r +r,
01 -2,0 -7 0|-R,
100 710 21 T|R,+3R,

(1) b.

o W
g =
Tt 00 =

Since R, = 3R, + R,, the matrix is not invertible.

i

1 -1
Also, since |3 8 et , the matrix is not invertible.
6 bt

-3~ N
O O =
o = O
o ¢k



Quiz 71 Name:

Directions: Show all of your work and justify all of your answers.

8 2} fa € R}. Also, let + : V x V. — V be matrix addition and

-8 x V — V be matrix multiplication. Show that V is a vector space over S.

(2) 1. Let V. =M, andS:{[

(2) 2. Discuss the following statement.

The vector spaces M, (with the usual scalar multiplication, not the one defined above) and R" are the same.

(2) 3. Give an example of a matrix in reduced row echelon form that has 3 pivot columns and 3 free columns.
Find three linearly independent vectors in the null space of the matrix.



Quiz 72 Name:

Directions: Show all of your work and justify all of your answers.

1 1
(2) 1. Find an orthogonal basis for R" that contains the vector g . Express } as a linear combination
4 1
of the basis.
1 1 2 3 4
|1 |2 -1 6 _ 8
Set w = o= 3= gl Y 5 ,and v, 12
1 4 0 0 -14
By Theorem 220,
1 2 3 4
((wy w-v w-v, w-v 12 1 |-1 2 6 1 8
w = <1)1-171>U1+ <v2-v22)v2+(vS-v;)v3+(v4-vt)v4 - 3 3 +3 0 +ﬁ -5 +E 12
4 0 0 -14

(2) 2. Prove that a type 1 elementary matrix is an orthogonal matrix.

Proof: Suppose that E is a type 1 elementary matrix. By Theorem 115, F = E" and by Proposition 136, £

= E'. Since B = ET, E is symmetric by Corollary 233. [ |
0100

(2) 3. Set A= (1) 8 é 8 . Suppose that x,y € R such that (Az) - (Ay) = 3. Find z - y.
0001

Note that A is an orthogonal matrix. Then by Corollary 240, -y = (Ax) - (Ay) = 3.

(2) 4. Find the four fundamental subspaces of A =

—_ O = =
—_ O = =
NN = O
N O O N

Total Points: 1299

Section 8.2: Exam 1

Exam 1 Math 3720 Spring 2020

Name:

5. Set v = [1 -5 7} , W = [-2 1 3} , and set 0 to be the angle between v and w.
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_ . 1
a. v-w=14 d. sinf = /1 — cos? :@ 5—\/3[1 -5 7:|
b. [[v| = 5V/3 e. Find a unit vector in the f. comp w = 14
. . v 5V/3
. direction of v.
_ 14 _ Vi3
C. cosl = comm = ' g. projw=2[1 -5 7]
h. Find w, w, € R’ such that w, is parallel to v, w, is orthogonal to v, and w, + w, = w.
w, = proj w = % [1 -5 7}
w,=w-—w, =[-2 1 3]-2[1 5 7]
i. Calculate d(v,w) where d is the Euclidean metric on R”.
d(vw) = [lv—wl| = [3 -6 4][ =61
6. Suppose that v € R" and ¢ € R. Prove that |cv|| = |¢|||v]|.
See notes.
1 -1 3 2 1 9 -3 0 4 2
7.8t A=|2 2|,B= 01,02[4'yD= 12 1|,E=[0 -3 1],and F = |-8
0 -5 3 4 40 100 -2 5
Perform the indicated operation if possible. If not possible, explain why it is not.
-1 A4 -5 -6 -3 -17
a.2A-B= |4 3 (10)c. BC=| 4 0 (10)e. DA=| 5 -2
3 -14 -19 6 -1 11
(10) b. B+ C (10) d. AD (10) f. EF = [29]
Not possible. The matrices Not possible. Invalid dimen- 0 -6 2
have differenct dimensions. sions. (10)g. FE= {0 24 -8
0 -15 5

(10) 8. Multiply the following matrices. Hint: You may want to use block multiplication.

1 0/1 0| {1 2,0 0 43 -1 0
0 1,0 1f|1 2,0 0| _ 1|43 0 -1
0 0'rof (311 0] |31-1 0
000 1]|3 110 -1 31 0 -1

Section 8.3: Exam 2

Exam 2 Math 3720 Spring 2020

(10) 9. Give the transpose of the following matrix.



3 -2
{3-1 4} 17

-2 78

10. Calculate the following determinants.

[\
—

(10)&. _% _% :-2--%_%.1:_%
102
102 12 1 -1

(10)b. |0 1 8 :-0' '+1‘_ '_8‘_

-1 2 6 2 6 16 1 2

1 00 00 00

0 -0 00 00

0 0 s 00 0O
(0 e |0 0 02 0 0 0= (1) () D))

0 00 0 s 00

0 00 0O -5 0

0 00 0O0 0 =

11. For each of the following, find the inverse or explain why the inverse does not exist.

(10) a. [‘2

'
o= —

|

[V

2 1]
|

1
0

!

(2 1,1 0
| 3 -1'0 2]2m,

njw
'
(S

(1 0.1 2}}“232

3 <110 2
1 0,1 2
0 -1'-3 -4|R,-3R,
(1 0,1 2
0 1'3 4]-r,
Inverse: e

3 4

(3 -1 4
(10) b. B 8}

The matrix is not invertible since it is not square.

‘:1-8—8-1:()
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3°

1 20 1 -1 2
(10)c. |1 0 3 (10)d. |0 1 8

0 0 1 1 26
(1 2 0,1 0 0] The matrix is not invertible since R, — R, = R
1 03'010
0 0 1'0 01 1 -1 2
) | i Also, recall that | 0 1 8| = 0.
(1 0 3,0 1 0]~ 1 26
1 -20'10 0{n ] ]
0 0 1'0 01 1 00 00 00
) | ) 02000 00
(1 0 0,0 1 -3]& -38, 0 0% 00 00
0 -2 -3'1 -1 0|r,-&, (10)e. [0 0 0 -+ 0 0 0
0 0 1'0 0 1 000 0% 00
i ' 000 00 -+ 0
1 00,0 1 -3 000 00 0 7]
02 0'1 -1 3|R +3R, i ]
0 010 0 1 1 00 00 00
) | 020 00 00
i 0 03 00 00
é?g:g i _:; ip Inverse: [0 0 0 -4 0 0 O
00 1:0 0 1 o 0 00 05 00O
- 0 00 00 -6 0

0 00 00 07

01 -3 L |
Inverse: -4 + -3

00 1

(10) 12. Express the following as a product of elementary matrices.

O = =
oo N
—w o

First, transform the identy matrix into the given matrix using elementary row operations.

100 1 00 1 0 3B +3R, 1 -2 0]|R,
010 1 -2 0|R, -2R, 1 -2 0 1 0 3|R
0 01 0 01 0 01 0 01

Note that the identity matrix is transfomed into the given matrix by:
() multiplying row 2 by -2;

(i¢) adding row 1 to row 2;

(72t) adding 3 times row 3 to row 1;

(tv) interchanging rows 1 and 2.
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— — O

Therefore, [



176

(10) 13. Choose one of the following. Give a proof.

The product of an invertible matrix and a singular matrix

a. is always singular.

b. is always invertible.

c. may be either invertible or singular depending on the matrices.

The product of an invertible matrix and a singular matrix is always singular. See Problem 38.
(10) 14. Prove that the transpose of an invertible matrix is invertible.

See the proof of Corollary 135.
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Section 8.4: Exam 3

Exam 3 Math 3720 Spring 2020

Name:

Directions: Show all of your work and justify all of your answers. An answer without justification will receive
a zero. Do your own work. Do not ask others (except your instructor) for help. Do not research the answers.
Write your answers on the space provided.

a 0
(10) 15. Set V = 0|l :a€eR} and W = bl :beR . FindVNW, VUW, and V + W. Which
0 0

of the three are subspaces of R”?

0
VAW = 0 <R’ (Theorem 167)
_O—
o 3
VUW = bl rabeR, anda=00rb=0p ¢« R
._0_
1] 0 1 0 1
Note that (0| e VUW and [1| e VUW but [0+ |[1| = |[1| ¢ VUW.
0] 0 0] o 0
- 3
V+W = bl :abeRH <R (Problem 60)
0

(10) 16. Suppose that A and B are n x n matrices and A is invertible. Show that N(AB) = N(B).

Proof: First, suppose that € € N(B). Then (AB)x = A(Bx) = A0 = 0. Therefore, N(B) C N(AB).

Now suppose that € € N(AB). Then we have that

(AB)x =0

A'(AB)x = A0

(A"A)Bx = A0

Bx = 0.

Therefore, N(AB) C N(B).

Since N(B) C N(AB) and N(AB) C N(B), N(AB) = N(B). [

(10) 17. Find a nonzero matrix whose null space includes the following.



1] [1] [o
ol [t| |o
(1] ]
o] o] |1

1 -2 1 1]

(10) 18. Suppose that A is an n x n invertible matrix and b € R". Show that b € col(A).

Proof: By Corollary 186, b € col(A) if and only if there is € R" such that Az = b. Set © = A" b and note
that Az = A(A"'b) = (AA")b = b. Therefore, b € col(A). u

19. For each of the following, determine whether the vectors are linearly dependent or linearly independent.

1 -3 -1 1
0 1 2 -1
(10) a. Sl L4l 1ol | o
1 1 1 3
1 -3 -1 1 1 0 0 3
Set A = 01 21 . Then rref(A) = 010 1 . The columns are linearly dependent by Theorem
2 4 -2 0 00 1 -1
1 1 1 3 000 O
195.
o] [-1] [3] [ [1] [3] [-3]
-3 3 1 0 -2 -2 4
2 -5 -2 -1 3 -4 0
10) b.
( ) a7 121710173 |4 117 |-1
1 0 1 0 5 0 2
_—5_ i 4_ i 3_ i 3_ i O_ i 5_ i 1_

Seven vectors in R’ are linearly dependent by Corollary 194.

(10) 20. Give a basis for M, ,. Prove that it is in fact a basis.

3x3°

1 00 010 0 01 0 00 0 00 0 00 0 00 0 00 000
0 0O0f,{00O0f,[O0O0f,f2 0O0f,(01O0,/0O0T1,/00 0|,]0 0 O0|,]|0 00
000 00 0] [00O 0 00 0 00 0 00 100 010 001
[ 11 a12 alS all a12 alS -1 O 0- -O 1 O-
Proof: Note that for any |a,, a,, a,| €M, |ay, a, a,| =0a,|0 0 0] +a, |0 0 O +---+
_a31 CLSZ a33 aSl a32 CLSS _O O 0_ _O O O_
0 00 1 00 010
a, 10 0 0. Also, if ¢;,,¢,5, 4, Cory Cogy Cogy Cayy Copy Cos € Rsuch that ¢, [0 0 0] +¢, {0 0 O +---+
[0 0 1] [0 0 0] [0 0 0]
000 000
€y |0 0 0l =10 0 0f,thenec, =c¢, =c, =c¢, =€ =Cyy =C, = C, =, = 0. Therefore, the set
001 000

given above is a basis for M [ |
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(10) 21. Suppose that A is an m x n matrix and m < n. What can be said about the dimension of N(A)?
It is at least n — m.

Since A has m rows, it has at most m pivots which means it has at least n — m free columns. Therefore,
n(A) > n—m.

22. Suppose that A and B are m X n matrices.
(10) a. Show that N(A)NN(B) C N(A + B).

Proof: Suppose that x € N(A)NN(B). Then (A+ B)x = Ax+ Bx = 0+ 0 = 0. Therefore, x € N(A+ B).
[

(10) b. Is it necessarily true that N(A+ B) = N(A) + N(B)?

No.

Set A = (1] 8 andB:[g ?].ThenN(A):{{ﬂ:beR},N(B):{{g}:aGR},N(AH—N(B):
R

{m Lab € } —R’, and N(A+ B) :N(Ll) ﬂ) = {[8]}
Section 8.5: Final Exam

Final Exam Math 3720 Spring 2020

Name:

Directions: Show all of your work and justify all of your answers. An answer without justification will receive
a zero. Do your own work. Do not ask others (except your instructor) for help. Do not research the answers.
Write your answers on the space provided. Due: Friday May 8, 2020 at 12:00 p.m.

1 1 1 1
(10) 23. Find an orthogonal basis for R" that contains the vectors _(1) , } , and ; . Express § as
2 0 0 4

a linear combination of the basis.
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Name:

(10) 24.  Give an example of a 3 x 5 matrix in reduced row echelon form with rank 3. Find the four
fundamental subspaces of the matrix.
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Name:

(10) 25. Answer the following as true or false (write the entire word). If the statement is true, then prove it.
If the statement is false, then give a counterexample.

If A is an orthogonal matrix and B is row equivalent to A, then B is an orthogonal matrix.
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Name:

(10) 26. Give an example of two linearly independent vectors v,w € R" such that each vector has at least
three nonzero components. Set W = span ({v,w}) and give a basis for W .
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Name:
27. Solve completely. rx + r, + =z, + =z, = 1
-, + 22, — x, + 3z, = -6
r + y + 22 = 3 (10) b. 22, — w, + x, + 2r, = -6
(10)a. 2z — y — 4z = -5 -x, — =z, — 2z, + 3z, = 4

-6r + 3y + 4z = -5
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Name:

28. Let P, be the set of polynomials with degree at most 2 and P, be the set of polynomials with degree at
most 3. Recall that P, and P, are vector spaces over R. Set W = {f € P, : f(0) = 0}.

3

(10) a. Show that W < P,.

(10) b. Define ' : P, - W by T(f) = /f(x) dr. Recall from your calculus classes that T is a linear

transformation. Give the matrix (as in Note 301) for 7.
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Name:

(10) c. Find the kernel of 7. Is T'1 -17 Is T onto?
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Name:

(10) 29. Find the eigenvalues of the following matrix.

— o =
=N
1
(G2 BNl V)
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Chapter 9: Spring 2023

Section 9.1: Quizzes



Quiz 1 Name:

Directions: Show all of your work and justify all of your answers.
1. Set v = [1 -2 O} and w = [-1 0 3] and let 6 be the angle between v and w.

(2) a. Compute each of the following.

2. 20 —w = [3 -4 —3} 2. v -w = -1 1. ||v| = V5
iv. ||lw] = V10 v. cost = Ry = 55
(1) b.

2. Find a vector that is orthogonal to v.

Any vector whose dot product with v is 0. For example, [2 1 O} .

2t. Give the vector in the same direction as v with magnitude 4.

ﬁv:%D.QO]

(1) 2. Suppose that v =[v, v, --- v, ],w=[w, w, --- w,] €R". Prove that v-w = w - v.

See class notes.



Quiz 2 Name:

Directions: Show all of your work and justify all of your answers.

(1) 1. If possible, give two unit vectors in R* whose sum is [1 2}. If this is not possible, explain why it is
not.

This is not possible. Suppose that v and w are unit vectors By the triangle inequality, ||v + w| < ||v]| + ||w||
= 2. Since H [1 2} H =5> 2, [1 2] is not the sum of two unit vectors.

(1) 2. Setv=1[1 -1 2] andw = [0 1 -1]. Calculate each of the following.

a. ||v]| =6 b. comp,w = {7 = c. projw = 2%y =-2[1 -1 2]

Il

Sl

(1) 3. Set A= {(1] g 51; ﬂ and B = { 1 8 (2) _ﬂ Compute the following.

2 01 3
A+2B =
i {-1-261}



Quiz 3 Name:

Directions: Show all of your work and justify all of your answers.

(1) 1. Suppose that A = [3 2 ;] For each of the following, give an elementary matrix E such that
FA =B.

_|d e f _la b ¢ _la+2d b+2e cH+2f
a'B_[ab c] b'B_{—d . —f} c. B= d . f

(2) 2. For the matrix below, use Gauss-Jordan elimination to transform the matrix into the identity matrix.
Find a left inverse.

]
_1 3_

110 I _ 13 -2 3 2011 2| _1]10
SetEl_|:1 }»EQ—[ },andE—EQEl—{ 1}Checkthat {_1 J L 3}_{0 J.



Quiz 4 Name:

Directions: Show all of your work and justify all of your answers.

(2) 1. For each of the following, find the inverse or show that it does not exist.

0 3 -1 1 0 0,-1 1 2|-r +r,
a. -1 -1 1 010011
1 2 -1 00 1-1 33
[0 3 -1,1 0 0] 1 23
1 -1 1'0 10 b. |4 5 6
1 2 2110 0 1] 579
(.1 -1 1,0 1 0]n, (1 2 3,1 0 0
0 3-1'10 0|s 45 6'0 10
0 1 010 1 1|g+R 5790 0 1
(.10 1,0 2 1]|g +&, (1 2 3,1 0 0
01 0'0 1 1]|a 456'0 10
| 0 0 -1'1 -3 -3|R,-3R, 00 00-1 -1 1|R,—R, R,
.1 0 0,1 -1 -2]&, +n, Not invertible.
010'0 1 1]|a
00 11-1 3 3]-=r,

BONUS: (1) 2. Compute the determinants of the matrices above.

a |-1 -1 1 =-3"} H—H ‘;'=0+1:1
1 2 1 -
12 3

b. |4 5 6/ =12 62| 6|34 5 _3_1249=0
s oo 179 5 9 5 7



Quiz 5 Name:

Directions: Show all of your work and justify all of your answers.

(1) 1. Give the transpose of the following matrix.

O W

4
)
2

1 30
4 -5 2

(1) 2. Prove that for any matrix, A, AA" is symmetric.

See class notes.

(2) 3. Calculate the following determinants.

3 4

—6—4=2
12‘

|

4. Suppose that A and B are n x n matrices, |A| = 2, and |B| = -1. Compute each of the following. Be careful
with the last one.

11 c. 24| =2"|4] = 2"

Al 2

a. [AB| = [A||B] = -2 b‘Al




Quiz 6 Name:

Directions: Show all of your work and justify all of your answers.

1. For each of the following, transform the matrix to reduced row echelon form. For each free column, find a
nonzero vector in the null space.

1040 0
()a. |01 0 0 -1
0001 O

The matrix is in reduced row echelon form. The free columns are 3 and 5. The corresponding vectors in the
null space are below.

-4 0
0 1
1 0
0 0
0 1
113 1 01
01 2 rref 01 2
(1)b'024 0 00
0 00 0 00

Free column: 3

-1
-2
1



Quiz 7 Name:

Directions: Show all of your work and justify all of your answers.

(3) 1. Determine whether the given vectors are linearly independent or linearly dependent.

~ L)L JaRHEH

Independent. Dependent.
See class notes. Three vectors in R”.
1 4 5 2 1 4
c. |2, |1}, |4 d. |0]|, |0], |1
3 5 1 1 2 3
Dependent. Independent.
4 1 5 Using column vectors:
211 =3 (2| = 1|4
5 3 1 2 1 of 0 0
00 1| — 010
Using column vectors: 1 2 3 0 01
1 4 5 ; 0 -3 Pivots: 3
2 1 4| —— |0 1 2
3 5 1 00 O Using row vectors:
Pivots: 2 2 01 ¢ 0 0
102 —=1010
Using row vectors: 4 1 3 0 01

1 2 3 ; 1 0 1 No zero rows.
4 1 5] =101 1
5 -4 1 000

Row of zeros.



Quiz 8 Name:

Directions: Show all of your work and justify all of your answers.

(2) 1. Determine whether or not the given vectors form a basis for R’.

Q
W N =
O N =
OO =

111
Set A= |2 2 0. It is readily seen that |A| = -6. Therefore, A is invertible which means that its columns

3 00
are linearly independent. Three linearly independent vectors in R” form a basis.

1 0 2
b. 0|, [1], |5
1 0 2
2 1 0
Since |5| =2 (0| +5 |1, the vectors are linearly dependent and therefore do not form a basis.
2 1 0
1 2 1
2. Note that ¢ v, = [-1| ,v,=|2|,v,=| 1 is an orthogonal set of vectors.
0 1 -4

(1) a. Prove or reasonably explain that {v, ,v,,v,} is a basis for R’.

Proof: Recall that an orthogonal set of vectors is linearly independent. Three linearly independent vectors in

R’ form a basis. |
1
(1) b. Express w = | -3| as a linear combination of v, v,, and v,.
13

[ Wy w-v, w-vg _ 4 9 -54 _
w = <| 2> v, + <H”2H2) v, —+ (H”3H2> VU, = 5’01 + 5’02 + E'UQ = 2’01 +'112 — 3'1]2



Quiz 9 Name:

Directions: Show all of your work and justify all of your answers.

(2) 1. Find the four fundamental subspaces of the following matrix.

1 4 0 1
0O 0 1 -2
0 00 0
1 0 1 0
. -4 0 C(A) = span 0], 11
R(A) = span ol |1 0 0
1 -2
1 0 0 1 00
4 -1 r |4 0 0 rref 010
N(A)zsan 1 0 A= 0O 1 0 0 0 0
P 0] 2 1 -2 0 000
0 1
- 0
N(A) span 0
1
1 1
(1) 2. Set W =span | |4 | |. Find a basis for W .
1

See class notes.

Since dim W + dim W , 1 is a basis for W .

1 -4

Alternatively, note that () and [ are both orthogonal to W and are linearly independent of each other.

1

0
-1 0
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Section 9.2: Exam 1

Exam 1 Math 3720 Spring 2023 Name:

3. Set v = [1 -2 O} and w = [—1 0 3] and let 6 be the angle between v and w.

(70) a. Compute each of the following.

.2v+w=[1 -4 3] . [|[w] = V10 vi. comp w = —%

6. v-w = -1 v. cosf = -~ Vit jw=-L[1 -2 0
5 . proj,w = - | ]

iii. ||v]| = V5

(10) 4. Suppose that v,w € R". Prove that ||[v — w]|| < [|v| + [Jw].

Proof: By the Triangle Inequality, ||[v — w|| = ||lv +-w| < ||v|| + |-w|| = ||v]| + |-1| - [[w]] = ||v]| + ||w]]. W

1 2

(40) 5. SetA:{_i (1) g},B: 300 ,andC':[
4 -1

the calculation or explain why it is not possible.

5 1 -2

0 -9 5} . For each of the following, either perform

(T2 102 8
a. 24+C = {-2 0 11] c. BA= |3 0 -6
5 -1 5
19 0
b. AB = {8 _5} d. AC is undefined
1 2 4 3 20
(20) 6. Set A=|1 0 2| and B= |-3 2 4/|. Compute each of the following.
3 -1 4 1 0 1
a. r,(AB) =r,(A)B =[5 2 2] -7
b. ¢,(AB) = A¢,(B) = | 5
16

1
(10) 7. Set A= |0
0

o OO

0
0|. Compute A",
1

Since A> = A, A" = A.
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(10) 8. Multiply.

1 0,0 O]]1 23,1 2 3 1 23,12 3
01,0 oOff1 23,1 2 3| _|123/123
1 0'-1 01231 -2-3] [000'246
0 1r0 -1] [1 2 31-1 -2 -3 000246

1 1 -1 -4 8 -12
(10) 9. Suppose that A and B are 3 x 3 matrices such that A'=101 1l andAB= |4 -5 7].
11 1 2 5 9
Find B.
-2 -2 -14
B=(A"A)B=A"(AB)= |6 0 16
2 8 4

(20) 10. Suppose that A is a 2 X 2 matrix and A" = [1 _4} . Find each of the following.

0 2
a. (A2)-1 = (A'1)2 — [(1) 'ﬂ b. (-34)' =-14" = [ _ }

o ol

O v

(10) 11. Show that the following matrix is not invertible.
10
30

Proof: Suppose that [a b] is any 2 x 2 matrix. Then [a b] [1 O} = [a+3b 0} which is not the identity

c d c d| |3 0 c+3d 0

matrix. [ |



Section 9.3: Exam 2
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Name:
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12. For each of the following, find the inverse or show that it does not exist.

1 -3 4 -2 1
(10) a. {0 2] (10) b. {2 -1} (10) c. |0
0
(1 3.1 0] Singular
0 210 1] (11 1,
‘4 —2':0 01 1!
13,1 0] 2 -1 0 0 1
0 1'0 3]3n )
1001
1 0,1 %:|R1+3R2 010,0
0 1'0 % 00 110
13 (1 -1 0
0 ;} 0 1 -1
0 0 1
1 2
13. Set A= 1|5 6 . For each of the following, find a matrix E such that FA = B.
9 10 11 12
-6 -7 -8 1 2 3 4
(10)a. B=|1 2 3 4 (10)b. B=|5 6 7 8
[9 10 11 12 15 18 21 24
0 -1 0 1 00 1 00
E=11 00 E=1(01 0lorE=[{01 0
0 01 03 0 1 11

(10) 14. Give the transpose of the following.

1 2 3
4 5 6

W N =
o Ot i~

(10) 15. Give the definition of a symmetric matrix.
See class notes.
(10) 16. Prove that for any square matrix A, A + A" is symmetric.

See class notes.
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17. Calculate the following determinants.

1 -7

10) a. = 36

(10) a- |, 8'
3 1 4

(1) b. |1 5 9 =3)5 9‘—1)1 9‘+4)1 5‘:3(-29)—(-13)+4(—4)=-90
> o ol sl T2 8T 2 6

Bonus (5) c. Identify the pattern of the entries in the second determinant above.

The entries are the first nine digits of .

(10) 18. Explain why the following determinant is 0.

123456
011111
001111
123 456
000T1T11
101010

Two of the rows are identical.

19. Suppose that A is a square matrix with |A| = -2. Find the following determinants.

(10) a. ‘A‘l o A

(10) b. ‘AAT

= |4l

= [A]-]A] =4

N[

(10) 20. Prove that the additive identity in a vector space is unique.

See class notes.

(10) 21. Suppose that A is an m x n matrix. Prove that N(A) < R".

See class notes.
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Section 9.4: Exam 3

Exam 3 Math 3720 Spring 2023 Name:
(10) 22. For each free column, find a nonzero (10) 23. Find the null space of the following.
vector in the null space.
10
10 1 0 2 01
(10)a. [0 1 2 0 1 00
00 01 -6
s}y
Free columns: 3, 5 0
-1 -2
2 -1
11,10
0 6
- O_ - 1_

24. Determine whether or not the given set of vectors is a basis for R”.

aora {[3]. 3]}

Yes. Since neither vector is a scalar multiple of the other, the vectors are linearly independent. Two linearly
independent vectors form a basis for R’.

aors. {[2] 1] [)]

No. Three vectors in R” are linearly dependent and therefore not a basis.

(10) 25. Determine whether the following set of vectors is linearly independent or linearly dependent.

1 0 1 10 1 10 1

01,]11(,10 01 0 01 0

3 2 1 |0 2 -2 R;-3R, 10 0 -1]R;-nR,
1 01 10 1 1 0 O]r,+8,
010 01 0 010
3 21 10 1 -1] 3R, 10 0 1]-B,

Linearly independent.

(10) 26. Let P, be the vector space of all polynomials of degree 4 or less. Give a basis and the dimension of P,.

See class notes.
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1
(10) 27. Note that the following is an orthogonal set of vectors. Express | 2| as a linear combination of the
3
vectors in the set.
1 1 1 1 1
1 ) -]_ ) ]_ 2 1 - _3
1 0 -2 3 -2
1] [1 1] 1] (1] [1]
— 6 1 3 _

2 1] =6 s 11| —s5|[-1| —5| 1] = |2
3] |1 [ 1] | 0] -2 Bl
1] [1 1] [ 1] 1] [1]

2 |-1] =-1 201 -5 (-1 —3| 1| =12
3] L O 1] | 0] -2 ] | 3]

(10) 28. Suppose that {v,,v,,v,} is an orthogonal set of vectors in R" and w ¢ span ({v,,v,,v,}). Describe
how the Gram-Schmidt orthogonalization process is used to define a vector v, € R* such that {v,,v,,v,,v,} is
an orthogonal basis for R".

S t w-'v1 ’ll)~’U2 ’ll)~’U3
LU, =W— \To, 77 ) V1 = \Tw,02 ) Y2 = \ Tw,1% ) Ys-

w-v
|wl]?

(10) 29. Suppose that v,w € R" and w # 0. Prove that v — ( )'w is orthogonal to w.

Proof: Note that [v — (||7“Uw'|2|’2)w] ‘w=v-w— (|\w|\2)w"w =v-w— (|ffvﬁ’2)||w||2 =v-w—-—w-v=0 N

(10) 30. Recall that a matrix A is symmetric if A = A". Prove that an orthogonal symmetric matrix is its
own inverse.

Proof: Suppose that A is both orthogonal and symmetric. Then A = A" = A [ |

Section 9.5: Final Exam

Final Exam Math 3720 Spring 2023 Name:
Directions: Show all of your work and justify all of your answers.

(10) 31. Find the four fundamental subspaces of the following matrix.

o O =
o = O
1
S = N
O = O
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32.
(10) a. Give an example of an orthogonal basis for R* other than the standard unit basis.

1
(10) b. Express | 2| as a linear combination of the basis from the previous part.

3
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(10) 33. The dimension of the row space of a 4 X 6 matrix is 3. What is the dimension of its null space?

(10) 34. Set W = span . Find a basis for W .

[ =
N~ O



(30) 35. Give the complete solution of each of the following.

a.

xr +
-r +
2r +

y + =z
2 — z
3y + 4z

2
4
4

b.

T
-

2z

_|_

2y +
3y —
3y +

z
2z
z

—_

xr +
2 +
xr +

Yy +
y_
9y +

2z

205
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2x
36. Define T : R* = R’ bquzD =|az+y

y—x

(10) a. Prove that 7' is a linear transformation.

(10) b. Find a matrix A such that T'(z) = Az for all € R’.

(10) 37. Explain why T: R° — R” defined by T ({x]) = [|x|} is not a linear transformation.
) )
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(20) 38. For the following matrix, find the eigenvalues, a basis for each eigenspace, the algebraic multiplicity
of each eigenvalue, and the geometric multiplicity of each eigenvalue.

cow
O
DO = =
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Chapter 10: Summer 2023

Section 10.1: Quizzes



Quiz 10 Name:

Directions: Show all of your work and justify all of your answers.
(3)1. Setv=1[-1 0 4], w=[3 -1 2], and let 6 be the angle between v and w.

a. Compute each of the following.

2. 20 +w = [1 -1 10] 2.V -w =H it ||v|| = V17
. [lw|| = V14 v. cost = 2 = 7w

b. Find a nonzero vector that is orthogonal to v.
Any vector whose dot product with v is 0 is orthogonal to v.

One example is [4 0 1] .

(1) 2. Suppose that # € R® and ||x|| = 0. Prove that = 0.

See class notes.

2 -1 5 1 0 6 L2
BONUS (2) 3. Set A= { i ] , B = [_ ] ,and C'= | 0 1. For each of the following, perform
-1 8
n

0 1 3 1 -2 5
the indicated operation if possible. If it is not possible, explain why it is not.
13 -2 4 b. A+C
a. 2A—- B = [1 1 1}
Undefined. The dimensions are different.
-3 43 d. AB
. AC =
¢ [-3 25}

Undefined. Matrix A has 3 columns and matrix B
has 2 rows.



Quiz 11 Name:

Directions: Show all of your work and justify all of your answers.

(1) 1. If possible, give two unit vectors in R’ whose sum is [2 0 1]. If this is not possible, explain why it
is not.

This is not possible. Suppose that w and v are unit vectors. By the Triangle Inequality, ||lu+v|| < |lu| + ||v||
=2 Since [|[[2 0 1]||[=Vvh>2,u+v#|[2 0 1]|.

(1) 2. Setv=[1 1 1]andw = [3 1 4]. Calculate each of the following.

a. |jv] = V3 b. comp w = ﬁ =

Sl
wloo O
.
=g

=
= S
;ld

g

Il

—

==

=g

SN—"

e
I



Quiz 12 Name:

Directions: Show all of your work and justify all of your answers.

(1) 1. Compute each of the following products.

3 0 -1 7 1 -1 21 2 4 7 1 -1 3 0 -1 22 4 -11
a. |-1 0 1 2 -1 5| = -7T 0 2 b. {2 -1 5| |-1 0 1|=1]-15 -20 21
-2 -4 5] (0 1 1 -22 2 -13 0 1 1] [-2 -4 5 -3 4 6

2. Suppose that A, B, and C are 2 x 2 matrices such that AB = Ll)) _1} and A(B+C) = {2 1] .

(1) a. Find AC.

AB+C) = AB + AC
011 [1 1
[0 7]_{3 4]+AC

211 14
AC__O 7} [3 4}

(1 2
AC =
B

(1) b. Use block multiplication to compute the following product. Then express your answer as a single 4 x 4
matrix.

A Al[B B] _[AB+AC AB] _
0 AllC 0 AC 0

W= O N
W N
OO W
SO =



Quiz 13 Name:

Directions: Show all of your work and justify all of your answers.

(1) 1. Given that A = Ll) ﬂ is invertible and A" B = {_1 g} , find B.

p-ars-[) 13- [13

(2) 2. Given that A = [} ﬂ and B = {(1) ﬂ , calculate each of the following.

R I R

(1)3. Set A= { } (1) g} . Give the reduced row echelon form of A and find a matrix B such that A—"% 5B A

(11 2 (1 0 2]& +n,
10 2 0 -1 0
1 1 2 1 0 2
_0 _1 0 Rz_R1 _O 1 0 'Rz

10 (11 1 0 0 1
Set B, = {_1 1} , B, = 0 1} B, = {O _1} ,and B = E,EF, = [1 _1}.

o 1]t 1 2] 10 2
Check that BA = [1 1) {1 0 2} —[ }



Quiz 14 Name:

Directions: Show all of your work and justify all of your answers.
(1) 1. Prove that the additive identity in a vector space is unique.

See class notes.

(1) 2. Let A be an m x n matrix. Prove that N(4) <R".

See class notes.

(2) 3. For each free column, find a nonzero vector in the null space.

1 -3 2
a{é?ﬂz [1300-2] 1 0
1 b. [0 010 4|,|0], |4

0001 7 0| |-7

0 1

2

R

(1) 5. Deﬁnef:M2X2—>R4byf<[aé SDZ

QL O o R

c d z

Proof: Suppose that [a b] , [Z :c} € M, ,. Then

a+w

(s Ty a) = (o b= Lol 5

d+ z

v e 8 8

QL o o=

IR

. Prove that for all A,B € M,_,, f(A+B) = f(A)+ f(B).

).



Quiz 15 Name:

Directions: Show all of your work and justify all of your answers.

(2) 1. For each of the following, determine whether or not the given set of vectors is a basis for R’

1 1 2 1 -1 3
a 0Of,1-2],|1 b 21,10, 2
1 1 0 3 2 -1
Yes. No
1 1 2 ; 100 1 -1 3
02 1| ——=1010 Note that |2 =2 | 0| = | 2
1 10 0 01 3 2 -1
The columns are linearly independent. Since the vectors are linearly dependent, they do

not form a basis.
Three linearly independent vectors form a basis for
R’.

(2) 2. Give the dimension of each of the following vector spaces.

a. P

3

b. M, c. C([ab])

4 9 00



Quiz 16 Name:

Directions: Show all of your work and justify all of your answers.

(2) 1. Find an orthogonal set of vectors with the same span as the set given below.

. 1 1 2 2
Set w, = v, and w, = v, — oW, = (1| — Slol=1l=%]5
1 2 B -1

Then {w,,w,} is an orthogonal set of vectors with the same span as the given set.



Quiz 17 Name:

Directions: Show all of your work and justify all of your answers.

(6) 1. Give the complete solution of each of the following.

a. Free variable: y
r +y + z = 2
20 — y — =z 1 3
x4+ oy + 2z = 2 Particular solution: |:0
-1
1 1 1, 1 0 0,1
o 1 1'1| o 1 01 1
-1 202 00 12 Special solution: 1]
0
1
Complete Solution: |-1 3 1
2 Complete solution: O +y| 1| :yeR
1 0
b.
T + y + z = 2 c.
2 + 2y + z = O r + y + z = 2
dr + 4y + 3z = 9 2v + 2y + z = O
dr + 4y + 3z = 8
11 1,2 1103
2 2 15| 2 1o 0 11 11 12 1100
44 319 00010 22 1'5] 2100 1'0
4 4 38 0 0 0r1

Pivot variables: z, z
No solution.

(4) 2. For each of the following, give the cofactor matrix and the adjoint.

1 2 1 0 -2
a.
3 4 b. |2 -1 4
0o 2 -3
Cofactor matrix: 4 -3
-2 1 5 6 2
Cofactor matrix: |-4 -3 -2
.. 4 -2 -2 6 -1
Adjoint:
join [_3 1}

5 4
Adjoint: | 6 -3
2 -2



Quiz 18 Name:

Directions: Show all of your work and justify all of your answers.
(4) 1. Suppose that A is an m x n matrix and define 7, : R" — R" by T, (z) = Az.
a. Prove that 7', is a linear transformation.

See class notes.

b. Prove that ker T, = N(A).
Proof: Note that for any € R", the following are equivalent.

T ckerT,

t t x Tty t
(2) 2. Define T:R* =R by T'| |y = -2 |. Find a matrix A such that T'(z) = Az for all z € R’
z Y
11 0 x 11 o0] Je T4y x
Set A= |0 0 -1|. Thenforany [y| €R", |0 0 -1 y| = 2| =T y
01 O z 01 0] |= Y z

Total Points: 41
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Section 10.2: Exam 1

Exam 1 Math 3720 Summer 2023 Name:

(70) 3. Setv=1[1 -2 1],w=[3 0 -1], and let § be the angle between v and w.

a. Compute each of the following.

1.V w =2 ii. |[v| = V6 iii. ||lw|| = V10

. o 2 o o . . o
1v. cost = Jeo = v. comp w = vi. Proj w =

2
6

o
&l
ot
S

b. If possible, find « and § such that av + fw = [0 -4 3}. If this is not possible, explain why it is not.

This is not possible. Suppose that a,8 € R such that av + fw = [0 -4 3}. From the second components,
we see that &« = 2. Then from the third components, we see that 5 = -1. However, 2v —w = [1 -4 3} .

(10) 4. Suppose that w,v,w,x € R". Prove that (u+v) - (w+z)=u-w+u-x+v- -w+v-T.

See class notes.

(10) 5. Find a vector in R that is orthogonal to 2 1 -1].

There are infinitely many solutions. One solution is [—1 2 O} .

(10) 6. Which of the following is always true for any v,w € R"?

a. |lv 4wl = [jvf| + [w] b. v+ wl| < [Jvf| + [Jw] c. [[v+w|=llv—w]|

d. [lv —w| = |lv]| - [lw] e. [lv—w| < [lvf| = [lwl

By the Triangle Inequality, ||lv + w|| < ||v| + ||w]|.



0 18 4 -6

the calculation or explain why it is not possible.

3 -1 4 1 2 -1 10 . .
(30) 7. Set A = , B=|_ 1 ,and C' = | 0 1. For each of the following, either perform
-2 3

6 -2 8 1 2 -1 70 7
a. 24+ B = {0 2 16]+ 41 —6] - [-4 3 10}
- 1 0] -
3 -1 4 5011
b. AC = } 01| = }
0 18 L 3] L1625
(10 (3 -1 4
c. CA=10 1 {3 S 0 1 8
0 1 8
-2 3 -6 5 16
0 3 1 2 30
(20) 8. Set A=1[2 1 6| and B= |-2 4 3|. Compute each of the following
2 -1 -1 00 1

2 30
a. r,(AB) =r,(A)B=[2 -1 -1] |2 4 3| =[6 2 -4]
0 01
0 3 1] 13 12
b. ¢,(AB) =Ac,(B)= |2 1 6] (4| = |10
2 -1 -1 0 2
010 »
(10) 9. Set A= |1 0 0]|. Compute A™.
0 01
, 01 0010 1 00
A =110 0 1 00/=1(010|=1
0 0 1 0 0 1 0 0 1

219
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(30) 10. For each of the following, find the inverse or show that it does not exist.

.
a.

1 -1
(1 2.1 0

0 1 ! 1 1}1%14”'%2

0 111 1

1 -2
11

(1 0,-1 -2]31_232

o 12

Does not exist.

R2:—R1
;1 3
c. |10 = -2
P14
1 3,1 00
0 3 %:010
1 310 0 1

4 5 |R,—5R,
2 -1|R,+R,
0 -1

(10) 11. Prove that the product of an invertible matrix and a singular matrix is singular.

See class notes.



(10) 13. Give the transpose of the following matrix.

1 2 3 4
5 6 7 8

=~ N~
o ~J O Ot

(10) 14. Suppose that A and B are symmetric matrices and AB = BA. Prove that AB is symmetric.

See class notes.

(20) 15. Calculate the following determinants.

1 -1

=9
Y

o

(10) 16. Suppose that A is an invertible matrix. Prove that |A]-|A"| = 1.

Proof: Note that |A]-|A"| = [AA”"| = |I| = 1.

221
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Section 10.3: Exam 2

Exam 2 Math 3720 Summer 2023 Name:

n

(10) 17. Let A be an m x n matrix. Prove that N(A) <R".
See class notes.

(10) 18. Do the following vectors form a basis for R*?

3L

Yes. Two linearly independent vectors span R”.

(10) 19. Do the following vectors form a basis for R*?

1] [-2] [o]
T, 0], |2
o] 1] |1
1 -2 0
No. Notethat 2 [1| + | 0| = [2]|. Therefore the vectors are linarly dependent and do not form a basis.
10 1 1
1 1 1 2
(10) 20. Notethat s v, = |1]|,v,= | 0] ,v, = |-2 is an orthogonal set of vectors. Express w = |1
1 -1 1 6
as a linear combination of v,, v,, and v,.
=3 1 1 1 2
171
31| —2]|0|+|-2]=]1
’U2"lll — _2 1 -]_ ]_ 6
Uy Vg
’UQ"lU _ 1
’U2"l)2

(10) 21. Give an orthogonal set of vectors with the same span as the vectors below. Note that two of the
given vectors are orthogonal.

1 1 1 1 1 1
v, = 1 v, = -1 v, = 1 N I I I
! 117 2 117 78 1 1 411 411
1 1 0 0 1 1
o 1°Y3 Uy U3 i
oo (350 (32 ] :
~ 1o

(10) 22. Suppose that A is an orthogonal matrix. Prove that A" = A" See class notes.
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(80) 23. Give the four fundamental subspaces of each of the following.

1
— oo
—_—— ——
oo r
o — o o
— o o R ~ —
| |
s ' ——/— 1
fé, - <o — O — o ™
(] L e —— |
—
=) —_—— ——
=]
= = =
— O o & o &
1 1 N (@} N
Il I Il
— = —~ \An/ — —~
e = — = =
— ~ Z = ©)
———
1
oo o —oO
e ——
- \|\J
1 T
i OO —H O N —H O
N — O I !
oo~ _|>_ "
1
o - o — Mmoo oA m—HOo OO
| I | e ——
N V) \ . 7
™o o - 7
—_o o < g
o @ B
I I I I
—~ - —~
< < < <T
. S~— SN— ~
< oS 2 Q
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1 1
1 -1
(20) 24. Set W = span TR
1 -1
a. Find W
sea=|l 111 ) 1
) ) W~ = N(A) = span .
1 11 1| wef, [1 010 0
1 -1 1 -1 01 01
1
b. Find vectors w and w™ such that w € W, w € WL, and w+w = g
4
1 1 -1 0 1
1 -1 0 -1 2
Set w, = 1w ws =1 w=1, ,and v = 3.Then
1 -1 0 1 4
2 -1
w—<w1U>'w +(w20)'w— 3 ande—<w3U>w +(w4v)'w -1
wyw, 1 Wy Wy 2 2 Wi Wy 3 wyw, 4 1
3 1
(15) 25. Suppose that a 30 x 20 matrix has rank 12. What is the nullity?
Since rank 4 nullity = 20, nullity = 8.
Section 10.4: Final Exam
Final Exam Math 3720 Summer 2023 Name:
Directions: Show all of your work and justify all of your answers.
26. Give the complete solution of each of the following.
(15) a. (10) b.
r + y = -3 20 — 4y = 4
2r — y = -1 r — 2y = 2
(10) c. (10) d.
r + y + z = -1 r + 2y + 2z = 3
-r + 2y — 2z = -5 -x + 4y — oz = 12
3r + y — 2z = 1 2¢ + 10y + 2z = 21
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1 -2 0 1 x, V3
27. Suppose that A = 8 (1) \/% (1] , T = ii ,and b = :1))
0 0 0 z, 0
(10) a. Calculate |A]|. (10) b. Calculate ‘A (b)) . (10) c. If Az = b, what is z,7
‘3

(10) 28. Suppose that V' and W are vector spaces and 7' : V' — W is a linear transformation. Prove that
kerT < V.
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(10) 29. Suppose that Define T : R" — R by T(x) = ||z||. Is T a linear transformation?

(10) 30. Suppose that A is an invertible matrix with eigenvalue A and corresponding eigenvector @. Prove
that % is an eigenvalue of A" with corresponding eigenvector .
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31. For each of the following, find the eigenvalues, a basis for each eigenspace, the algebraic multiplicity of
each eigenvalue, and the geometric multiplicity of each eigenvalue.

(10) a. E 2]

(10) b.

o O O
OO = O
O = OO
_ o O O
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Chapter 11: Spring 2024

Section 11.1: Quizzes



Quiz 19 Name:

Directions: Show all of your work and justify all of your answers.

(3)1. Setv=1[1 -3 2], w=1[2 0 -1], and let § be the angle between v and w.

a. Compute each of the following.

2. 20 +w = [4 -6 3] 212.v-w =0 iit. ||v|| = V14
. |[w] = V5 v. cost) = rien = 0 vi. sinf =1

Since cos = 0, 0 = 7.

[BONUS (1)] viéé. Find a vector orthogonal to both v and w.
(13 2]

First, note that [1 x 2} is orthogonal to w for any x € R. We want [1 x 2} to be orthogonal to v which
means that [1 x 2} cv = [1 x 2} . [1 -3 2} =1—-3x+4=0. Soset x = g Any scalar multiple of

[1 g 2} ([3 5 6} for example) is also orthogonal to both v and w.

(1) 2. Prove that for any two vectors v and w in R", v - w = w - v.

See class notes.



Quiz 20 Name:

Directions: Show all of your work and justify all of your answers.

(1) 1. Suppose that v and w are vectors in R* such that ||v| = 2 and ||w| = 1. What is known for certain
about ||[v + w||?

By the Triangle Inequality, ||v + w|| < ||v|| + ||w]| = 3.

(2) 2. Setwv = [1 -1 O} , W = [2 1 —1} , and let 6 be the angle between v and w. Compute each of the
following.

: 1 1
C. COSH = vw = = ——
o[l V26 T 23

d. sinf = /1 — cos? :4/1_1_12: /%



Quiz 21 Name:

Directions: Show all of your work and justify all of your answers.

1. Set A = Ll)) ﬂ . For each of the following, find a matrix E such that FA = B.

3 4 -3 -6 1 2
1) a. B = 1) b. B= 1) c. B=
ORY R (b 5= |3t e =17

o=l #< [l #= (3]

(2) 2. Use Gauss-Jordan elimination to transform the given matrix into reduced row echelon form and find
a left inverse.

T
_1 O_

_0 1|R, —2R,

0 1|1 -2 0 1 .
LE, = {1 0} {0 1] = {1 _2} (left inverse)



Quiz 22 Name:

Directions: Show all of your work and justify all of your answers.

(2) 1. For each of the following, calculate the inverse or determine that it does not exist.

a |13 (1 2 1/10 0
B RS 1 -1 -1'0 1 0
0 1 11001
13,10 ]
L5701 121,100
100'0 1 1|8 +8,
13,10 01 1100 1
0 2'-1 1]R,-R, i
01 01 -1 2|r -r,—~r,
13,10 100'0 1 1
0 1'-4 %|in, 0110 0 1
10, % -#]r -3n, (1 00,0 1 1]x
0 1'% 3% 0101 -1 -2]|r,
| 00 1'-1 1 3|R -~
O IR
1 -1 -2
1 2 1 -113
b. |1 -1 -1
0 1 1
(1) 2. Give the transpose of the following matrix.
17 4 1 8
8§ 0 2 70
4 2

-1

(1) 3. Suppose that A is an invertible matrix with inverse given below. Find <AT) :

Recall that (AT)—1 = (A'l> .

o O =
O =N
o 3 W
W N =
g = o
co O O

(1) 4. Prove that AA" is symmetric for any matrix A.

See course notes.



Quiz 23 Name:
Directions: Show all of your work and justify all of your answers.
(1) 1. Prove that the additive identity in a vector space is unique.

See course notes.

(1) 2. Let A be an m x n matrix. Prove that N(A4) <R".

See course notes.

(1) 3. Let V be the set of all 2 x 2 invertible matrices. Is V<M, .7

No. Every subspace of M, , must contain the zero matrix which is not invertible.



Quiz 24 Name:

Directions: Show all of your work and justify all of your answers.

1. For each free column, find a nonzero vector in the null space.

1 -3 0 10 70 -1
M a |0 0 1 01 40 2
0 00 Wbdg o 01 3
00 00 0
3
1 -7 1
0 4| |-2
1, |0
o] |-3
_0_ _1—




Quiz 25 Name:

Directions: Show all of your work and justify all of your answers.
1. Suppose that A is an n x n orthogonal matrix, z,y € R", -y = -7, and ||z| = 4.
(2) a. Compute each of the following.

i (Az) - (Ay) =z -y = -7 ii. [ Az|| = =] =4

(1) b. Prove or reasonably explain that |A| = +1.

See class notes.



Quiz 26 Name:

Directions: Show all of your work and justify all of your answers.

(2) 1. Give the four fundamental subspaces of the following matrix.

1 0 10 -1
01 -2 0 B 2
00 01 N(A) = span 1
0
1 0 0 \
- 0 1 0 C(A) =R
R(A) = span ol Lo
0 0 1 0
N (AT> =< o
0
1 0
(2) 2. Set W =span | [-1|,|2]| |- Find a basis for W+.
0 1
1
1
-2

(2) 3. Solve the following system completely.

T+ Yy + 2z = 2

-+ 2y — oz -5

3r — y + 2z = 9

1 1 12 ;[ 0052
102 15| —/——= |01 0'-1
3 -1 219 00 11
=2

y=-1

z=1

Total Points: 31
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Section 11.2: Exam 1

Exam 1 Math 3720 Spring 2024 Name:

Directions: Show all of your work and justify all of your answers.
4. Set v = [—1 0 4} , W = [2 1 1] , and let 6 be the angle between v and w.

(60) a. Compute each of the following.

vw=-2+0+4=2 ii. |[v]| = VI+0+16 = V17 iii. |w|| VA+1+1=+6

(10) c. Find a vector that is orthogonal to v.

Choose any vector in R® whose first component is four times its third component. For example, [4 V2 1] .

(10) 5. State the triangle inequality.

See class notes.

(10) 6. Prove that for any three vectors x,y,z € R", || +y + z|| < ||z| + ||yl + || z]|-

Proof:
= +y + z||
= |(x+y)+ =] (Associativity of vector addition) -
< |le+yll+|z]| (Triangle Inequality)
< x| + ||lyll + |z]] (Triangle Inequality)
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1 -1

(50) 7. Set A = L-12 , B = 2 01 ,and C'= |4 -2|. For each of the following, perform the
0 31 3 -1 5 0 3
indicated operation if it is possible. If it is not possible, explain why it is not.
-1 103 b. A+C
a. A+ B = [ 3 9 6}
Invalid dimensions.
c. AB 37 1 41
d. AC =

¢ {12 -3] e. CA= 1|4 -10 6

Invalid dimensions. 0 9 3

(10) 8. Find [AB|,, for the matrices below.

21 -1 0 31 -4 0
|10 4 -2 121 6 -1
A=1o 1 0 1B 30 1 2
-2 3 1 -1 1 0 1 -1
[AB]23 = 7°2<A) 63<B> =44+044—-2=-2

(10) 9. Verify that the following matrices are multiplicative inverses.

157
o 3]=16 1]

]
_0 1_

=N

IR

|O }_‘I

2 1

(10) 10. Suppose that A and B are matrices such that A~ = [1 1

} and AB = B] Find B.

B=(A"A)B = A" (AB) = E ﬂ m _ “}
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Section 11.3: Exam 2

Exam 2 Math 3720 Spring 2024 Name:

Directions: Show all of your work and justify all of your answers.

1 0 2
(20) 11. Set A= [-1 1 -1/|. For each of the following, find an elementary matrix E such that £FA = B.
2 0 1
2 0 1 1 0 2
a. B= |11 -1 b. B=111 0
1 0 2 2 01
R, < R, R,+ R, = R,
0 01 1 00
E=1010 E=1210
1 00 0 01

(20) 12. Find a matrix A such that multiplying on the left by A will result in the following row operations
on any 2 X 2 matrix.

2. Multiply row two by -3.

2t. Replace row one with its sum with row two.

o 1)l 5= 3l
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(100) 13. For each of the following.

a. Find the determinant.
b. Find the inverse or state why it does not exist.

i 1 -2 L -2,10 Inverse: 11
0 2 0 210 1 0 3

12/ _ o g_s (1 0,1 1] +r

0 2 0 110 3]3R

1. l le _z] ' le _g‘ =8—-8=0 The matrix is not invertible since the determinant is 0.
1 0000 1 0000 1 0000
02000 02 000 03 000

222. {0 0 3 0 0 00 3 0 0|=5!'=120 Inverse: [0 0 % 0 0
00040 00040 000 O
00 005 00005 00 0 0 3
1 -1 2

w. [0 1 3
1 1 8

Since R, = R, + 2R,, the determinant is 0 and the matrix is not invertible.

OLO»—t
O O N
O O
S o Ot 0o

Since R, = 0, the determinant is 0 and the matrix is not invertible.
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Section 11.4: Exam 3

Exam 3 Math 3720 Spring 2024 Name:

Directions: Show all of your work and justify all of your answers.
(10) 14. Suppose that V is a vector space and v € V. Prove that the additive inverse of v is unique.

See class notes.

(10) 15. Suppose that V is a vector space, H <V, and K <V.Set H+ K ={h+k:hc H k € K}.
Prove that H + K < V.

See class notes.

(10) 16. Suppose that A is an m x n matrix. Prove that N(A) < R".

See class notes.

(10) 17. For each free column in the matrix below, find a nonzero vector in the null space.

o O =
O = O
(el el \V)
=)
1
O W
OO R, ON
_ O O W N

18. For each of the following, determine whether or not the set of vectors is a basis for R”.

0 0 1
(10) a. O(, (1,1
1 1 1
Basis.
001
Set A= |0 1 1/|. Since |A| =1, A is invertible which means that all columns are pivot columns. So the
1 11
columns of A (and hence the vectors) are linearly independent. Three linearly independent vectors form a basis
for R®.
1 -1 -3 3
(10) b- 2 9 O 9 ]- Y O
3 2 2 1
Not a basis.

Four vectors in R” are linearly dependent and therefore do not form a basis.



242

(10) 19. Recall that P, is the vector space consisting of all polynomials of degree three or less. Give a basis
for P,.

See class notes.

1 0 1
20. Consider the set of vectors ¢ v, = |0|,v,= [1|,v,=| 0
1 0 -1
(10) a. Show that the set is orthogonal.
Compute the dot product of each pair of vectors.
1
(10) b. Express w = [ 2| as a linear combination of the vectors in the set above.
3
Define the following scalars.
w-v
G = oz = 2
Gy = Jo it = 2
@ = Tz = -1
Note that w = 2v, +2v, —v,.
1 1 ,
(10) 21. Setw, = |2| and v, = |1|. Find a vector w € R” that is orthogonal to v, such that
0 1

v, € span ({v,, w}).

— 91V — 3a —
Set w = v, <||v1|\2)'01—'vz sV, =

-
'
— o= ol



243

Section 11.5: Final Exam

Final Exam Math 3720 Spring 2024 Name:

Directions: Show all of your work and justify all of your answers.

(10) 22. Suppose that {x,y,z} is an orthogonal set of vectors in R". Prove that « - (x +y + z) = 1.

1
(10) 23.  Give an orthogonal basis for R’ that includes the following vectors. Express |2| as a linear
3
combination of the vectors in the basis.
-1 1
0], |2
1 1

(10) 24. Suppose that A and B are orthogonal matrices. Prove AB that is an orthogonal matrix.
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25. Give the four fundamental subspaces of each of the following.

3

(40) a. {1 3

1

|

(40) b.

O = O

O~~~ O

O =



26. Solve the following systems completely.

(10) a. (10) b.
r + vy + z = -1 T + y + z = 2
r — y + 2z = 0 -x + 2y + 2z = -1
-x + 2y + z = 3 dr + y + =z = 5

(10) c.
r +
r +

3z +

y + oz

Y
y + 2z

245
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(10) 27. Recall the following theorem.

Theorem 5: Suppose W < R", 3 is a basis for W, and ~ is a basis for W . Then B U7 is a basis for R".

Prove that for any W < R", W + W' = R". Hint: Use the theorem above.

2z
28. DeﬁneT:RQ%RSbyT<{x}): y
Y Tty

(10) a. Prove that 7T is a linear transformation.

(10) b. Give the matrix A such that T'(v) = Aw for all v € R”.
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(40) 29. For the following matrix, find the eigenvalues, a basis for each eigenspace, the algebraic multiplicity
of each eigenvalue, and the geometric multiplicity of each eigenvalue.

L]
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Chapter 12: Fall 2024

Section 12.1: Exam 1

Exam 1 Math 3720 Fall 2024 Name:

Directions: Show all of your work and justify all of your answers.
30. Setw=[1 0 8], w=[2 -1 3], and let § be the angle between v and w.

(80) a. Compute each of the following.

1. 20 —w = [O 1 13} vi. sinf vit. comp w = ﬁ = %
it. v - w = 26 = /1 —cos?6 v11t. Proj w
_ - i
iii. ||v|| = V65 = /12 = (””vﬁ‘;)v
iv. ||lw| = V14 _ 3 =2[1 0 8]
\/ﬁ 5

_ _vw 26
v- o5 = LT = You
(10) b. Find two vectors w, and w, such that (¢42) w, and v are orthogonal.
() w, +w,=w Set w, = projw =2[1 0 8]
(i%) w, and v are parallel and w, =w—projw=[2 -1 3]-2[1 0 8].

(10) c. Find a nonzero vector that is orthogonal to both v and w.
Our goal is to construct a vector whose dot product with both v and w is 0. Focussing on v, observe that

[8 x —1} is orthogonal to v for any x € R. Consider the dot product of [8 x —1} and w. Solve for x to
complete the construction of the vector [8 13 -1} )

(10) 31. Prove that for all v,w € R", v-w = w - v.

See class notes.

(10) 32. State the Triangle Inequality.

(10) 33. Define d: R" x R" — [0,00) by d(z,y) = ||x — y||. Prove that for all z,y,z € R",
d(z,z) < d(z,y) + d(y,2).

See class notes.
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2 0

,B=1[-1 -1 ,andC’:{l 2].

34. Set A = | -
3 1 3 4

W N =
- O =

(40) a. For each of the following, perform the indicated operation if it is possible. If it is not possible, explain
why it is not.

1. A+ B 1. A+ C 11t. AB . AC
3 1 Invalid dimensions. Invalid dimensions. 4 6
-3 -1 -2 A4
6 5 15 22
0 1 -2 0
(10) b. Suppose that D is a matrix such that AD = |2 0| and BD = | 0 -1|. Compute (A+ B)D.
1 4 201
2 1
(A+B)D=AD+BD = | 2 -1
-1 5

(10) 35. Suppose that A = B ﬂ , B = H ﬂ I = {(1] ﬂ ,and 0, = {8 8} Use block multiplication

to compute the following. Then express your answer as a single 4 X 4 matrix.

1 1 1 2
0, I||A B| | B A| |1 1 3 4
1 0,1 |B Al |-A -B|  |-1 -2 -1 -1

3 4 -1 -1

(10) 36. Answer the following as true or false (write the entire word). You need not justify your answer.
Matrix multiplication is associative. In other words, (AB)C = A(BC).

True. See class notes.
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Section 12.2: Exam 2

Exam 2 Math 3720 Fall 2024 Name:

Directions: Show all of your work and justify all of your answers.

0 -1 -1 3 3 2
(10) 37. Given that A= |3 1 -2| is invertible and A'B=10 -1 -2 , find B.
3 1 5 -1 -1 -1
) ) 1 2 3
B:JB:(AA‘)B:A(A‘B)Z 415 6
-3 -2 -1

(50) 38. Suppose that A and B are 2 x 2 matrices such that A~ = B ﬂ and B = [ } ﬂ Calculate

each of the following.

a. (AB)' b. (BA) c. <A2)_1 d. (34) e. (AT)I
B —A'B" e =24 (1)
oL I ) R O I

(10) 39. Suppose that A = {CCL cﬂ and B = {c —a d= ﬂ Find a matrix C' such that CA = B.
a

Note that A is transformed to B by the following elementary row operations:
(Z) (Rz - R1) - Rz

(ii) R, + R,

101 1 0 _[-1 1 _
SetC’-[1 O} [_ }—[1 O} and check that CA = B.
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(20) 40. Set A=1|1 1 0
375
a.
21 4
B=1110
-1 89
1 00
E=1010
(1 0 1

W = A
- =
ol O o

O O N
o = O
= )

(30) 41. For each of the following, find the inverse or show that it does not exist.

a |13 2 1 4

0 -2 b. |0 -1 -1
2 0 3

1 3,10

0 210 1 Not invertible.

13,1 0] B+ R, = R,

0 1'0 -3]-3R

1 0,1 %R—BR

0 1'0 ] ’

1 3

0 -

(10) 42. Prove that a matrix with a column of zeros has no left inverse.

See class notes.

(10) 43. Give the transpose of the following matrix.

1 2 3 4
5 6 7 8

(10) 44. Prove that for any matrix A, AA" is symmetric.

See class notes.

=~ W DN =

0 ~J S Ot
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. For each of the following, give an elementary matrix E such that FA = B.
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(20) 45. Calculate the following determinants.

10| . o 10 1

a"-23_303 b. [2 -1 5/=0
10 -1
R, = -R,

(40) 46. Suppose that A and B are 2x 2 matrices, |A| = 2, and | B| = -3. Compute the following determinants.

a. [AB| = |A||B| = -6 b. 4] = & = 1

ATl =14 =2 d. |5A| = 5% A] = 50

C.

(10) 47. Answer the following as true or false (write the entire word). If the statement is true, then prove it.
If the statement is false, then give a counterexample.

For any two matrices A and B of the same dimension, |A + B| = |A| + |B|.

False. See class notes.
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Section 12.3: Exam 3

(10) 48. Prove one of the following.
a. Prove that the additive identity (zero vector) in a vector space is unique.
b. The additive inverse of each element in a vector space is unique.

See class notes.

49. Suppose that V is a vector space and H . K < V.
(10) a. Prove that HN K <V.

See class notes.

(10) b. Provide an example to show that H U K is not necessarily a subspace of V.

See class notes.

(10) 50. Suppose that A is an m x n matrix. Prove that N(A4) < R".

See class notes.

(10) 51. Suppose that A and B are n x n matrices and v € N(B). Prove that v € N(AB).

Proof: Consider (AB)x = A(Bx) = A0 = 0. Therefore, v € N(AB). [ |

(20) 52. For each free column of the matrix, find a nonzero vector in the null space.

10 2 10420
W 1010 b. (001 00 0
00 0 00 001
00 0
4] [-2
-2 0| |0
0 1| | o
1 0| |1
0| |0



254

a
(10) 53. Set V = b| :a+b=0p. Give a basis for V. You may assume without proof that V' < R”,

(20) 54. For each of the following, determine whether or not the given set of vectors is a basis for R’.

1 1 0
a 01,12],]1
1 3 1
1 0 1
Not a basis. Note that |0| +2 | 1| = |2 | which means that the vectors are linearly dependent.
1 1 3
0 0 1
b 1{,({0f, (1
1 1 1
Basis.
Solution 1:

It is readily seen that the first two vectors are linearly independent and that the third cannot be expressed as
a linear combination of the first two. Three linearly independent vectors form a basis for R”.

Solution 2:
1 0 1 0 0 0]
Note that 1| — [1] = 0| and [1| — |[0] = |1]|. So
1 1 0 1 1 1 0]
. 1] [o] [o o] o] [1 i
R =span | [O|,[1],]0 Cspan | |1]|,]0], |1 CR
0 0 1 1 1] |1
0 0 1 , , ,
which means that span 11,1(01],]|1 = R". Three vectors that span R™ form a basis for R".
1 1 1
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55. Note that each one of the following vectors is orthogonal to the others.

1 1 1
1 1 1
T o T T |
0 0 1

(10) a. Find a nonzero vector v, € R’ that is orthogonal to each of v,, v,, and v,.

Build a vector using the same strategy as in Problem 83 of the notes. One such example is below.

1

2 . o
(10) b. Express w = 5| asa linear combination of v,, v,, v,, and v,.

4
w1 WY, wv, ] wYv, 27T _ 9
v, vy 2 VgV, V3 Vg 7 v, v, 42 14

Verify that -1v, +2v, + fv, — 2v, = w.
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Section 12.4: Exam 4

(10) 1. Prove that an orthogonal set of vectors in R" is linearly independent.

See class notes.

1
2. (10) a. Find an orthogonal basis for R that contains the vector |1
1
1 1
1)1
0 -2
1
(10) b. Express |2| as linear combination of the basis from the previous part.
3
1 1 1 1
201 -3 (1] —3|1] =12
1 0 -2 3

(10) 3. Find an orthogonal set of vectors whose span is the same as the set below.

_ N O
OO = =

Apply the Gram-Schmidt orthogonalization process.

1 1 5
1 _afof 1| _.|6
of Sl2] |+ 8|2
0 1 4 -1

4. Suppose that A is an orthogonal 3 x 3 matrix and .,y € R’ such that ||z|| = 2 and -y = -5. Compute
each of the following.

(5) a. [[Az| = |lzf| = 2 (5) b. (Az) - (Ay) =z -y = -5

(10) 5. Find the inverse of the following matrix. Hint: What is the inverse of an orthogonal matrix? The
transpose.

Sk oSk
Sk Sk sk
S Sk S

ok o
ok o
ok ok
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6. Recall that the four fundamental subspaces of a matrix are the row space, the column space, the null space,
and the null space of the transpose. Find the four fundamental subspaces of each of the following.

(17) a. -1 3
] ] - B 2| o
1 2] et [1 -2 N(A) =span | | 11 g
3 6 0 0] ol 11

1 -3 rref

an 100 1 V20
1 17)c. [0 1 0 -+ 6 8
@M—ww<h] 001 2 41

_ 3 [ 1] [ o] [o]
N(A)-span([J) 0 . 0
_ 0 0 1
(17) b R(A) = span NN
V2 6 -4
101 -3 L 0] L8] L1
012 0 T
000 0 1] [-v2 0
_ T -6 -8
100 100 ) 4] -1
N(A) =
01 0| wet |01 0 (A)=span | | 711 1|
120 000 0 1 0
-3 0 0 000 o] | o] [1]
1] o 1] [o] [o .
_ 0 1 C(A)=span | (0], |1],|0] | =R
R(A) = span R 0 0 .
31 o
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Section 12.5: Exam 5

Exam 5 Math 3720 Fall 2024

1. Solve each of the following completely.

(20) a.
r + y = 4
r — y = -6

Adding the two equations yields z = -1.
Substitution gives y = 5.

(20) b.
-r — 2y =
2 + 4y =7

No solution. Adding twice the first equation to the
second produces 0 = 19, a contradiction.

(20) c.
-x 4+ 2y = 4
2¢ — 4y = -8

Multiplying the first equation by -2 produces the
second equation. Therefore, all points on the line
-x + 2y = 4 are solutions to the equation.

(10) d.

r +y + z =0

2w + y + 2z = 1

-x — y + 2z = 3

1 11 ; 00 1

2 11 1] —= 1010 -2

-1 -1 2 3 001 1
T 1

Complete solution: |y | = [-2
z 1

Name:

ST
DN =
|

Particular solution:

Special solution:

— ml\)—t mI\)-A
. — | 1
I
I
N[
— =

Complete solution: z€eR

——
O N =
+
IS
1
N -

(10) f.
x + 9y + 2z =0
x — 9y + z = -6
S + y + 5z = 8

No solution. Subtracting equation 1 from equa-
tion 2 yields y = 3. Substituting and simplifying
produces the contradiction

r + z = -3
r + z = -3
r + z = 1
1 11 0 1010
1 11 6] %1010 0
5 15 8 0001

The last row gives the contradiction 0+ 040 = 1.



2. Set A = [ﬂ f] and b = [\/ﬂ
V2 V2

V2

a. Compute each of the following determinants.

(20) i. |A] (10) ii. ‘Acl(b)‘ (10) iii. ‘ACQ(b)‘
V2 7
=3 V2 U | V2 oVE|

V2 V2 7 V2

(10) b. Solve Az = b. Hint: You can use your answers from the previous part.

By Cramer’s Rule, =

1
vl vlo
L 1

Alternatively, ‘/15 - vzl _aref |10 £
V2 V2] 0 1 2

3. Suppose that matrix A = [a 2] is invertible.
c
(10) a. Compute |A]. (10) c. Give the adjoint of A, adj A.
ad — be d -b
- a

(10) b. Give the cofactor matrix of A, cof A.

. ¥

(10) d. Compute and simplify I_il\ [A(adj A)].

259
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Section 12.6: Final Exam

Final Exam Math 3720 Fall 2024 Name:

Directions: Show all of your work and justify all of your answers.

4. Give the four fundamental subspaces of each of the following.

(40) a. (40) b. (40) c.
1 -2 0 1 0 01
0 0 1 0100
0 00 00 1 2

OO OO
[eleNell =

OO = OO
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5. Solve the following systems completely.

(30) a. (30) b.

r + y + z = -1 T + y 4+ =z = 2
2 — y + 2z = 4 2 — y + 2z = O
dr + y + 4z = 2 -r + 2y + 22 = -5
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(30) 6. Suppose that f is a quadratic function such that f(1) =4, f(-1) = 6, and f(2) = 9. Find f(z). Hint:
We know that f(z) = ax?® + bz + c. Solve for a, b, and c.

(30) 7. Find the LU-factorization of A =

— N
1

DN =

DO = =
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(40) 8. For the following matrix, find the eigenvalues, a basis for each eigenspace, the algebraic multiplicity
of each eigenvalue, and the geometric multiplicity of each eigenvalue.

1 1 2
0 3 -1
01 1
-1 0 1
(20) 9. Set A= [-2 1 1|. Given that |A| # 0, calculate and simplify ﬁ(adj A)A. Hint: The space
2 0 -1

provided is sufficient.
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Chapter 13: Spring 2025

Section 13.1: Quizzes



Quiz 1 Name:

Directions: Show all of your work and justify all of your answers.
1.Setv=[1 0 5]andw=[-1 2 4].

(2) a. Compute each of the following.
1. 2v +w it. v - w iii. ||v|| tv. [|w]|

[1 2 14] 19 V26 V21

(1) b. If possible find a,b € R such that av + bw = [4 -4 2]. If this is not possible, explain why it is not.

Since the second component of v is 0, the only possible value for b is -2. Examining the first component of
each vector under the assumption that b = -2, yields a = 2. Check that 2v — 2w = [4 -4 2].

(1) 2. For the statement below, either prove that it is true or give a counterexample to show that it is false.
For any two vectors v,w € R", v-w = w - v.
True.

See class notes for the proof.



Quiz 2 Name:

Directions: Show all of your work and justify all of your answers.
1. Set v = [—2 8 1] ,w = [1 0 4] , and let € be the angle between v and w.
(1) a. Find each of the following.

. . vw . 2 .. _ vw __ 2 oo . _ vw . 2 B
2. cosf = Wollel = VesvT 4%, comp,w = o = s 114, Proj,w = v = & [ 2 8 1]

(1) b. If possible, find two unit vectors whose sum is v. If this is not possible, explain why it is not.

This is not possible. Suppose that x and y are two unit vectors. By the triangle inequality, ||z +yl|| < [|z|+| ||
= 2. Since ||v|| = V69, v cannot be the sum of two unit vectors.

(2) 2. Set A = {1 10 , B = (2) and C' = {_1 2}. For each of the following, perform the

1 -1
3 1 4 0 0’ 1 3
indicated operation if it is possible. If it is not possible, explain why it is not.

a.A+B:[2 -1 -1] b. A+C

3 3 4

Invalid dimensions.

c. AB d. AC

e.C’A:{‘Bg 8]

10 2 12
Invalid dimensions. Invalid dimensions.



Quiz 3 Name:

Directions: Show all of your work and justify all of your answers.

(1) 1. For the two statements below, prove the one that is true.

The product of an invertible matrix and a singular matrix is singular.
The product of an invertible matrix and a singular matrix is invertible.

The first statement is true. See the class notes for the proof.

(1) 2. Suppose that A and B are 2 x 2 matrices such that A" = B _iﬂ and AB = [ ;1 1]. Find B.

B—=A'Aap— |61
2 9

(1) 3. Suppose that A and B are 2 x 2 matrices such that 4™ = Ll) _ﬂ and B' = ﬁ (5)} Find each of

the following.

-1 -1

a. (547" b. (A?) c. (AB) d. (BA)'

_ 1yt _ (A_1)2 =B'A" =A'B’

[ -]

I
1
O v
'
S [)
—_



Quiz 4 Name:

Directions: Show all of your work and justify all of your answers.

(1) 1. For each of the following, find the inverse or explain why it does not exist.

a |l 4 1075 5|mtan,
2 4 0 1'% %
(1 4,1 0 R
2 410 1 R
1 4,10 1 01
0 12'-2 1|R,-2R, b. |-3 21
-3 4 5
1 4,1 0
0 1'-t &|in, Not invertible. Note that 3R, + 2R, = R,.

(1) 2. Prove that a matrix with a column of zeros has no left inverse.

See class notes.

(1) 3. Find a matrix A such that multiplying on the left by A will result in the following row operations on
any 3 X 3 matrix.

. Interchange rows two and three.

2t. Replace row three with its sum with 3 times row one.

10 0[]1 00 1 00
Set A=10 1 0{ |0 0 1| =10 0 1
3 0 1] [0 10 3 10

(1) 4. Find elementary matrices (as many as necessary) whose product is the matrix below. Express the
matrix below as a product of the elementary matrices.

OO =
— N DN
O = O

See class notes.



Quiz 5 Name:

Directions: Show all of your work and justify all of your answers.
(1) 1. For the following statement, give a proof or counterexample.
The sum of two symmetric matrices is symmetric.

This is true.

Proof: Suppose that A and B are symmetric matrices. Then (A + B)T = A" +B =A+B. [ ]

10
(1) 2. If (AT) - {é ﬂ , what is = A107

10
: 10y _ T _ 1 4 0 __ |1 -6
Since (A1) _<A) _[_6 8},14 _[4 8].

(1) 3. Calculate the following determinants.

1 4

. — 8- 24 =32

~ |5
107

b. |1 1 4]=1 '1 4'—().'1 4'+7~"1 1‘:1(4)—0(—8)+7(—1):—3
5 10 10 2 0 2 -1

(1) 4. Suppose that A is a 2 X 2 matrix with |[A| = -3, £, = {(1] (1]} , B, = {E}l ﬂ ,and B, = Ll) _ﬂ

Calculate the following determinants.

a. |E,Al =-|A| =3 b. |E,A| = 4|4 = -12 c. |EA| = |A] = -3



Quiz 6 Name:

Directions: Show all of your work and justify all of your answers.
(1) 1. Suppose that A is an m x n matrix. Prove that N(A) <R".

See class notes.

2. Give the null space each of the following.

(1) a.

(2 21 3] et [1 0 4
015} 5[015}

span -5

(1) b. L{) ﬂ

Since the determinant of the given matrix is -2, the matrix is invertible. Therefore, its null space is { [8] } .

Definition 6: Suppose that V' and W are vector spaces over the same field S and T': V. — W. Then T is
called a linear transformation if the following two conditions are satisfied.

@) Tw+w)=T(v)+T(w) forall v,w e V.
(i2) T'(av) = aT'(v) forallv € V and all a € S.
(1) 3. Define T: P, — P, by T(f) = f'. Prove that T is a linear transformation.

Proof: Recall Calculus 1. Suppose that f,g € P, and a € R. Then T'(f +g) = f'+¢ = T(f) + T(g) and
T(af) = (af) = af’ = aT(f). u



Quiz 7 Name:

Directions: Show all of your work and justify all of your answers.

a
1. Set V = bl eR :a+b=0
C

(1) a. Prove that V < R”.

a x a T a + sx
Proof: Suppose that |b|,|y| €V ands€R. Then [b| +s|y| = | b+ sy]|.
c Z c Z c+ sz

Sincea+b=0and z+y =0, (a+sz)+ (b+sy) =(a+b)+s(x+y)=0.
a x

Therefore, |p| +s|y| € V. [ |
c z

(1) b. Give a finite spanning set for V.
1

0
-11,10
0 1

(1) 2. Is the set of vectors below linearly independent or linearly dependent?

1 3 1
O,|1],]1
-1 4 6
3 1 1
Linearly dependent. Note that [1| —2 | 0| = |1
4 -1 6
(1) 3. Suppose that v,,v,,...,v, € R" are linearly independent and A is an n x n invertible matrix. Show

that Av,,Av,,... Av,, are linearly independent.

See class notes.



Quiz 8 Name:

Directions: Show all of your work and justify all of your answers.
1. Solve the following systems completely.

(1) a.

r + y = 2
-r + 2y = 10
dr + y = -3

No solution.

Adding the first two equations yields y = 4 and (-2,4) as a solution to the first two equations. However, (-2,4)
is not a solution to the third equaton.

(1) b.
r — Yy = -3
r + 2y = 4
r + y = 1
(_273)

Adding the first and third equations yields z = -2 and (-2,3) as a solution to the first and third equations.
Note that (-2,3) is also a solution to the second equation.

2. Let V be the set of all vectors in R’ that lie in the plane z + y + z = 0.

(1) a. Prove that V <R’.

T a T a sTr+a
Proof: Suppose that [y |,|b| € Vands € R. Thens |y| + [b| = | sy+0b|. Since (sv +a) + (sy +
z c z c sz+c
T a \
b)+(sz+c)=s(zx+y+z)+a+b+c=04+0=0,5|y| + | b| € V. Therefore, V <R". [ |
z c

(1) b. Give a basis for V.



Quiz 9

Name:
Directions: Show all of your work and justify all of your answers.
1 1 1 1 1 1 1 1 1 1 11 1
(2)1. Set A=1{1 -1 1| andb= |2]|. Given that |1 -1 1|=6,(2 -1 1|=12,|1 2 1| =-3,
1 0 -2 3 1 0 -2 3 0 -2 1 3 -2
1 11
and [1 -1 2| =-3, solve Ax = b.
1 0 3

[\]

By Cramer’s Rule, x =

ol ol ofs

' '
Nj= =

(2) 2. Suppose that S C R" is an orthogonal set of nonzero vectors. Prove that S is linearly independent.

See class notes.

Points: 35
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Section 13.2: Exam 1

Exam 1 Math 3720 Spring 2025 Name:

1. Set v = [—1 2 1] , W = [1 4 0] , and let 6 be the angle between v and w.

(70) a. Compute each of the following.

tv-w=7 ii. ||v| = V6 iii. ||lw|| = V17 iv. cost = ﬁ
s ; —vw _ 7 i - vw =
v. Siﬂ@ — 1_ % — % V1. compvw = |v” = \/6 ’17)’L’L. prOva = ||U||2,U =
I [-1 2 1}

(10) b. Find a vector that is orthogonal to both v and w.

[4 -1 6]

(10) c. If possible, find a and b such that av + bw = [—1 8 1]. If this is not possible, explain why it is not.

This is not possible. Suppose that a [—1 2 1] +b [1 4 O} = [—1 8 1]. From the third components, we
see that ¢ = 1. Then from the first components, we see that b = 0. From the second components, we have a
contradiction since 2 + 0 # 8.

(10) d. If possible, find two unit vectors whose sum is v. If this is not possible, explain why it is not.

This is not possible. By the Triangle Inequality, the magnitude of the sum of two unit vectors cannot exceed
2. Since ||v|| = V6 > 2, v is not the sum of two unit vectors.

(20) 2. Compute A + 2B where A = { } ?J and B = {(1) ﬂ .

_ |1 4
woan [

1 0 2

(60) 3. Set A= [_1 L

10

} and B = | -2 3] . For each of the following, compute the indicated product if
0 1
n

possible. If it is not possible explain why it is not.

1 2 1 0 2 c. AA
-9 11 b. BA= |5 12 -7
1 4 -1 Invalid dimensions.

a. AB:[
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(10) 4. Suppose that A, B, and C are 2 x 2 matrices such that AB = {_2 _g} and A(B+C) = {_i 111]
Find AC.

AB + AC = A(B+C)

AC = A(B+C) — AB

8 4] 2 -2
AC = -4 -11} {-2 -2}

(6 6
AC —
c-[ 9

(10) 5. Use block multiplication to multiply the following matrices.

1000001 02 2-10 1022 -10
0100000 100 13 0100 13
v o01o0o00pt1o 11 01p 0111 071
170000 0] [1 324715 1707227170
010000 ([1-202-1°6 0100 13
001000/ [0 11r3-78 01111 01



Section 13.3: Exam 2

Exam 2 Math 3720 Spring 2025 Name:

(20) 1. For each of the following, solve for A.

wal2=[0 Y oal; 3= [ 3]

=l =[]

(10) 2. Express the following as a product of elementary matrices.

S O N
— = O
O = O

The following elementary row operations transform the identity matrix into the given matrix.
(1) 2R, — R,

(iii) R, <> R,

1 001 00200
00 11(01 1010
01 0][0O01][0 01

(10) 3. Prove that a matrix with a column of zeros cannot have a left inverse.

See class notes.
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(80) 4. For each of the following matrices, compute the determinant and inverse if possible.

1 2 12 10 0
> [2 1} ‘2 4‘_0 00 1
01 -1
‘1 2‘ _ 3 Not invertible. ] )
2 1 10000 0
200 02000 0
12;10} 08}(1) L |00 100 0
2 110 1 00020 0
| 000071 0
12;10} 3(1)(1) 2‘1 1'__2 00000 -1]
0-3{-2 1|R, —2R, 01 0 1 0
10000 O
- ) 042000 O
é?lO}R 3(1)(1)(1)(1)8 00100 0f_
01000 1 8883?8
12 L |
(1)(1)12 ﬂRl_% ] . ] 00000 -1
- 20 0/10 0
L 00 1,01 -1{R,—R, Inverse:
} 001000 1] ) )
3 -3 1 0000 O
(10 013 0 0]3r, 02000 0
b[lQ] 01000 1|r 00100 0
2 4 001101 -1]n, 00030 0
- | - 0000T1 O
00000 -1]

(10) 5. Prove that if A is an invertible symmetric matrix, then A" is also symmetric.
See class notes.

(10) 6. Suppose that A and B are symmetric matrices. Prove one of the following.
a. If AB is symmetric, then AB = BA.

b. If AB = BA, then AB is symmetric.

See class notes.

(1) 7. What is your seat number?

Answers vary.



Section 13.4: Exam 3

Exam 3 Math 3720 Spring 2025

(10) 1. Let C be the set of all continuous functions from R to R. Assume without proof that C is a vector
space over R. Let D be the set of all differentiable functions from R to R. Prove that D < C.

Proof: Suppose that f.,g € D and ¢ € R. Since [cf(x) + g(x)] = cf'(z) + ¢'(x) for all x € R, ¢f + g € D.
Therefore, D < C. [ |
(10) 2. Suppose that S C R" is an orthogonal set of nonzero vectors. Prove that S is linearly independent.

See class notes.

(10) 3. Is the following set a basis for R*?

1 1 1
01,(1],]1
1 0 1
0 1 1 0 1 1 1 1 0
Yes. Since |0 = (1| — 1|, 1| = [1]| — |0|,and [0] = [1]| — |1, the three vectors in the set
1] 1 0 0 1 1 0 0 0

span R*. A spanning set of 3 vectors forms a basis for R’

4. Let V be the set of all vectors in R’ that lie in the plane z +y + z = 0.

(10) a. Prove that V < R’

T a T a sTr+a
Proof: Suppose that |y |, |b| € Vands e R. Thens |y| + |b| = | sy+b|. Since (sz+a)+ (sy +
z c Z | c sz +c¢
x a \
b)+(sz+c)=s(z+y+2)+a+b+c=04+0=0,5|y| + | b| € V. Therefore, V <R". [ |
z c

(10) b. Give a basis for V. Hint: What is the dimension of a plane?

1 0
-1, 1
0 -1

(10) 5. Suppose that A is an orthogonal matrix. Prove that |A| is either 1 or -1.

See class notes.
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(80) 6. Give the four fundamental subspaces of each of the following.

1 20 1 1 1 2 1 00
a. (0 0 1 -3 b 011 ref [0 1 0
000 O 111 0 01
001 000
Row space. Row space.
1 O Rfi
span 2 0
P 0|1
1 -3
Null space. Null space.
-2 -1 0
span 1 0 0
0’| 3 0
0 1
Column space. Column space.
1 0 1 0 1
span 0,1 Span 0 1 0
0] |o P 10| |0
0 0 1
Null space of the transpose. Null space of the transpose.
0 1
span | |0
1 span | |

-1



Section 13.5: Final Exam

Final Exam Math 3720 Spring 2025 Name:

Directions: Show all of your work and justify all of your answers.

1. Set A =

OO =
S O =
O = O
o W o

(10) a. Give the four fundamental subspaces of A.

b. (4) BONUS: Give an orthogonal basis of R" that contains the nonzero rows of A. Express

linear combination of the basis.

—_ =

as a
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2. Solve the following systems completely.

(10) a. (10) b. (10) c.

x + y + z = 2 r + y + z =4 r + vy = 1
2 — y + =z = -3 r — vy + z =6 2 + y = -1
3r + 2y + 2z = 3 r + 3y + z = 2 r — y = -D

(10) 3. Find the inverse of the following matrix. Hint: Use the adjoint formula.
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4. Let A be an m x n matrix and define T : R" — R" by T(z) = Az.

(10) a. Prove that 7T is a linear transformation.

(10) b. Prove that ker(7) = N(A).
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5. Define T: R — R by T

QU o=
|
| — |
Q
+
QU o
_

(10) a. Prove that T is a linear transformation.

(10) b. Give the transformation matrix for 7.

(10) 6. Let V be R” with basis § = {[(1)} : {(1)]} and W be R® with basis v = {[1} , [2} } Define

T :V — W by T(v) = v. Give the transformation matrix for 7" and use it to express _g as linear

combination of the elements of ~.
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7. Suppose that A is an n x n invertible matrix with eigenvalue A and corresponding eigenvector x.

(10) a. Prove that £, <R".

(10) b. Prove that % is an eigenvalue of A” with corresponding eigenvector .

(10) 8. Given that A is a 4 x 4 matrix with eigenvalues -1, 2, -3, and 4, compute |A]|.
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(20) 9. For the following matrix, find the eigenvalues, a basis for each eigenspace, the algebraic multiplicity
of each eigenvalue, and the geometric multiplicity of each eigenvalue.
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Chapter 14: Summer 2026

Section 14.1: Quizzes



Quiz 1 Name:

Directions: Show all of your work and justify all of your answers.
1. Set v = [—1 0 5} and w = [2 -3 1].
(2) a. Compute each of the following.

i.2v—w:[—4 3 9} 1.v-w=-2+0+5=3

iii. ||v|| = V1 +0+25 = /26 . |w|=vV4+9+1=+14

(1) b.
. If possible find a,b € R such that av + bw = [2 -3 11}. If this is not possible, explain why it is not.

This is not possible. Suppose that av + bw = [2 -3 11}. From the second components we see that b = 1.
Then from the first components, we see that a = 0. However, Ov + w # [2 -3 11] )

2. If possible find a,b € R such that av + bw = [O -3 11]. If this is not possible, explain why it is not.

Leta =2and b = 1.

(1) 2. For the statement below, either prove that it is true or give a counterexample to show that it is false.
If vw € R" and v - w = 0, then at least one of v and w is 0.

False.

Letv=[1 0] andw = [0 1].



Quiz 2 Name:

Directions: Show all of your work and justify all of your answers.
1. Set v = [—1 V2 1] , W = [3 0 —4} , and let 6 be the angle between v and w.
(4) a. Compute each of the following.

Lotw=1[2 V2 -3] . v-w = -7 iii. ||v]| = 2 tv. ||lw| =5

v. cosf = - vi. sinf = —Vlzl vit. comp w = -

[NSJEN]

viit. Proj w = -g [—1 V2 1]

(1) b. Find vectors w, and w, such that w, + w, = w, w, is parallel to v, and w, is orthogonal to v.
w, = proj w = —% [-1 V2 1]

'w2:'w—projv'w:[3 0 —4}—1—%[-1 V2 1]

(1) c. If possible, find vectors @ and y, each of length 2, such that « + y = w. If this is not possible, explain
why it is not.

This is not possible. Suppose that & and y are vectors of length 2. By the Triangle Inequality, ||z + y|| <
]| + llyl| = 4. Since |lw|| =5, z +y # w.



Quiz 3 Name:

Directions: Show all of your work and justify all of your answers.

12 1 -1
(3) 1. SetA:“ 2 'g},B: 14 ,C:[l '1],andD: 0 -1
05 2 - 3 0

For each of the following, perform the indicated operation if possible. If it is not possible explain why it is not.

20 4 b. A+ B 2 1
a'A+A_[2 8 12} c. B+D=|-13
Not possible. 3 5
Different dimensions.
1 -8 3 8 10 f. AC
d. AB =
{-3 48} e. BA= {3 16 26
5 20 30 Not possible.
Incompatible dimensions.
|0 4 -8 h. A2 . e [-1 0
g.C’A—[l i _10} I'C_[O—l

Not possible.

Incompatible dimensions.



Quiz 4 Name:

Directions: Show all of your work and justify all of your answers.

(1) 1. Suppose that A, B, C are 2 x 2 matrices such that AB = E ﬂ and A(B+C) = [ 3 O]. Find AC.

15
AB+C) = ?1) g
AB + AC = zla (5)
ac = |3 g: ~AB = [_f g} B [i _?} - [-5 g}

4 0 1
identity matrix), and 0 is the 2 x 2 zero matrix. Use block multiplication to compute the following. Express
your final answer as a single 4 x 4 matrix.

5 217 2= [eedS 7l -

1) 2. Suppose that A, B, C' are 2 x 2 matrices such that AC' = 12 and BC' = 2 -3 I =1, (the 2x2
3 2

S W W
do

o= OO

_ o O O

1 ﬂ If possible, find a vector v € R” such that v # 0 and Av = [8] If this is not

possible, explain why it is not.

(1) 3. wA:[

Let v be any vector of the form { a] where a # 0.
-a
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4. Set v = [-1 V2 1] , W = [3 0 —4} , and let 6 be the angle between v and w.

(70) a. Compute each of the following.

t.v-w=-7 it ||v|| =2 iii. ||lw|| =5 tv. cosf = -

_
=N
N~

v.sinf = vi. comp w = - V1. Proj w = _2 [_1 V2

(10) b. Find a nonzero vector that is orthogonal to both v and w.

(10) c. Find a unit vector that is parallel to v.

3 [1 V2 1]
(10) 5. State the Triangle Inequality.

(10) 6. Let v € R". Prove that |Jv]| = [|-v]|.

Proof: [[-v]| = v/[0) - (0) = /o o1 = Voo = o]

1 -1 02 -3 2 -2 11 4
7.SetA—[0 1_1},3—[0 1 8],and0—[0 _3].

For each of the following, perform the indicated operation if possible. If it is not possible explain why it is not.

1 3 -2

(20) a. A+ B = {'2 ! O] (20) b. AC 0 -3 3

00 7 (20)C.CA:[

Not possible.



1
-1
-2
-1

1
-1
-1

1 20
2 41
1 21
1 01
-1 20
2 41
31 4 2
4 0 7
-1 20
1

(10) b. Compute (AB),,.

10 x 4

-5
-3

1
-2
-1

5 8 -4
7 7
0 V3 17 -5 17 0 -2
-1
-2
0 12 3 0

1
0 3 1 0

-2

3
0 3
-1

11
0

10 0 -3
01
0 0
01
1
-1

9. For each of the following, express the matrix as a product of elementary matrices and find the inverse.

(10) a. What are the dimensions of the matrix

AB?

8. Consider the matrices below.
re(A)-c,(B) =4
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(10) 10. Prove that the following matrix is not invertible.

-1 2 4
0 5 -1
21 -9

Proof:

Since R, = R, — 2R,, the reduced row echelon form of the matrix has a row of zeros. Therefore, the matrix is
not invertible. [ |

(10) 11. Set A = {(2) ﬂ {(1) ﬂ [_:1)) ﬂ {(1] (1)} Ll) _ﬂ Explain (preferably without multiplying) why A is

invertible.

Since A is the product of elementary matrices, it is invertible.

Points: 250



